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1 Introduction 

In this review we discuss the role of instantons in describing non-perturbative 
effects in globally supersymmetric gauge theories ^. 

Instantons (anti-instantons) are non-trivial self-dual (anti-self-dual) solu- 
tions of the equations of motion of the pure non-abelian Yang-Mills theory 
when the latter is formulated in a compactified S4 Euclidean manifold. In- 
stanton solutions are characterised by a topological charge (the Pontrjagin 
number, K) which takes integer values, K G li. The integer K represents the 
number of times the (sub)group SU (2) of the gauge group is wrapped by the 
classical solution, while its space-time location spans the Ss-sphere at infinity. 

The presentation of the material of this review can be naturally split into 
three parts according to the number of supersymmetries endowed by the the- 
ory. In the first part (Sects. 2-5) we discuss (weak and strong coupling) com- 
putations of instanton dominated correlators in pure JV — 1 Super Yang Mills 
(SYM) and in some Super QCD-like (SQCD) and chiral extensions of it. A 
careful analysis of the latter case shows that with a suitable choice of the 
chiral matter flavour representations the interesting phenomenon of dynami- 
cal breaking of supersymmetry occurs in the theory, as a consequence of the 
constraints imposed by the Konishi anomaly equation. 

In the second part (Sects. 6-11) we move to the Af — 2 Super Yang-Mills 
case. We will show how the highly sophisticated instanton calculus, developed 
in the years, is able to produce the correct coefficients that determine the exact 
expression of the J\f — 2 prepotential, derived in the famous Seiberg-Witten 
(SW) construction. We will also review the construction of the instanton solu- 
tion in terms of branes with the purpose of illustrating the intriguing relation 
with string theory. 

In the third part (Sects. 12-18) we discuss the role of instantons in Af = 4 
Super Yang-Mills. Although there are no anomalous ?7(l)'s in this theory 
(with the consequence that there exist no chiral U{1) selection rules that would 
limit the value of Pontrjagin number of the instanton solutions contributing 
to correlators, as instead happens in the Af = 1 and Af = 2 cases), instantons 
are crucial to check the validity of the Maldaccna conjecture beyond the realm 
of perturbation theory. Furthermore, their correspondence with IIB string D- 
instantons gives us hope to understand the yet elusive Montonen-Olive duality 
between the weak and strong coupling regimes of jV = 4 Super Yang-Mills. 

A detailed outline of this review is as follows. In Sect. 2 we start with 
some introductory remarks about instantons and their interpretation as field 
configurations interpolating between classical Euclidean vacua (quantum tun- 
neling) and we discuss in detail how semi-classical calculations are performed 
in the instanton background with special reference to the notion of collective 
coordinates. We also illustrate the simplifications that occur in supersymmet- 
ric theories. In Sect. 3 we derive from supersymmetry and holomorphicity 

® Sec the contribution by G. Shore to this book for applications to the non- 
supersymmetric case of QCD. 
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the general structure of the Green functions with only insertions of lowest 
(highest) components of chiral (anti-chiral) superficlds. We show that these 
Green functions do not depend on the operator insertion points and have a 
completely fixed dependence upon the parameters of the theory (like masses 
and coupling constant). We then move in Sect. 4 to the explicit semi-classical 
instanton computation of constant Green functions in pure SYM and in mas- 
sive SQCD finding perfect agreement between the theoretical expectations 
spelled out in the previous section and the results of actual calculations. The 
main result of this analysis is that the perturbative non-renormalisation theo- 
rems of supersymmetry are violated in the semi-classical instanton approxima- 
tion. The instanton calculus is then extended to encompass the more delicate 
cases of massless SQCD and to Georgi-Glashow type theories with matter 
in suitable non-anomalous chiral representations. In the first case certain in- 
consistencies are found between results obtained in the massless limit of the 
massive theories and what can be directly computed in the strictly massless 
situation. The problem is discussed in detail and the issue of "strong coupling" 
vs "weak coupling" instanton calculation strategy is addressed. In the second 
case conflicting results with the constraints imposed by the Konishi anomaly 
equation lead to the conclusion that in certain supersymmetric chiral theories 
supersymmetry is dynamically broken by non-pcrturbativc instanton effects. 
In Sect. 5 we give the expression of the effective action for all the cases for 
which we have obtained results in the semi-classical instanton approximation. 
A nice agreement between these two approaches is found, which gives support 
to instanton based computations. 

We then pass to discuss instanton effects in A/' = 2 SYM theories. After the 
introduction to the subject contained in Sect. 6, we present some general dis- 
cussion of their properties in Sect. 7. We start by recalling their supermultiplet 
content. We then describe the coupling of vector multiplets to hypermultiplets 
and the structure of the classical and effective actions. In Sect. 8 wc review the 
celebrated analysis of Seiberg and Witten and the derivation of the expression 
of the analytic prepotential in the case of pure Af = 2 SYM with SU (2) gauge 
group. Af = 2 instanton calculus is argued to provide a powerful check of 
the SW prepotential in Sect. 9. In Sect. 9.1 we describe Matone's non-linear 
recursion relations for the expansion coefficients. The validity of the recursion 
relations and thus of the analytic prepotential itself is checked against instan- 
ton calculations for winding numbers K = 1 and K = 2 in Sect. 9.2. In order 
to go beyond these two cases, we follow the strategy advocated by Nekrasov 
and collaborators which is based on the possibility of topologically twisting 
Af = 2 SYM theories and turning on a non-commutative deformation that 
localises the integration over instanton moduli spaces. After reviewing the 
strategy in Sect. 10, wc describe how to couple hypermultiplets in Sect. 10.1. 
We then sketch the mathematical arguments that lead to the localisation of 
the measure in Sect. 10.2 and the computation of the residues that allows 
a non-pcrturbativc check of the correctness of the SW prepotential for arbi- 
trary winding number in Sect. 10.3. In Sect. 11 we change gear and exploit 
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the Veneziano model and D-branes in order to embed (supersymmetric) YM 
theories in string theory. In particular wc outline the emergence of the ADHM 
data and the ADHM equations as a result of the introduction of lower dimen- 
sional D-branes in a given configuration with maximal Af = 4 supersymmetry. 
Finally we describe in Sect. 11.1 the truncation to A/" ~ 2 supersymmetry and 
the derivation of the SW prepotential within this framework in Sect. 11.2. 

In the final part of the review, starting in Sect. 12, we discuss instanton 
effects in Af — 4: SYM, focussing in particular on the role of instantons in 
the context of the AdS/CFT correspondence. A/" = 4 SYM is the maximally 
extended (rigid) supersymmetric theory in four dimensions and is believed to 
be exactly conformally invariant at the quantum level. The main properties of 
the model are reviewed in Sect. 13. We give explicitly the form of the action 
and the supersymmetry transformations and we discuss the basic implications 
of conformal invariance on the physics of the theory, highlighting some of the 
features which make it special compared to the Af = 1 and Af = 2 theories 
considered in previous sections. General aspects of instanton calculus in A/" = 4 
SYM are presented in Sect. 14. We describe the general strategy for the cal- 
culation of instanton contributions to correlation functions of gauge-invariant 
composite operators in the semi-classical approximation, emphasising again 
the essential differences with respect to the Af = 1 and Af = 2 cases. In 
Sect. 15 we focus on the case of the SU{Nc) gauge group, which is relevant 
for the AdS/CFT duality, and we discuss in detail the calculation of corre- 
lation functions in the one-instanton sector. We first construct a generating 
function which facilitates a systematic analysis of instanton contributions to 
gauge-invariant correlators and we then present some explicit examples. The 
generalisation of these results to multi-instanton sectors in the large- A'^c limit is 
briefly outlined in Sect. 16. At this point we change somewhat perspective and 
we move to a discussion of the remarkable gauge/gravity duality conjectured 
by Maldacena, explaining how instanton calculus allows to test its validity be- 
yond perturbation theory. In Sect. 17 we recall the basic aspects of the duality 
which relates Af = A SYM to type IIB superstring theory in an AdSs x 
background. Instanton effects in A/" = 4 SYM are in correspondence with the 
effects of D- instantons in string theory. More precisely instanton contributions 
to correlators in A/' = 4 SYM are related to D-instanton induced scattering 
amplitudes in the AdS.t; x string theory. In Sects. 18.1 and 18.2 we present 
the calculation of D-instanton contributions to the string amplitudes dual to 
the SYM correlation functions studied in Sect. 15. The remarkable agreement 
between gauge and string theory calculations provides a rather stringent test 
of the conjectured duality. Finally in Sect. 18.3 we review the role of instan- 
tons in a particularly interesting limit of the AdS/CFT correspondence, the 
so-called BMN limit, in which the gravity side of the correspondence is under 
a better quantitative control beyond the low-energy supergravity approxima- 
tion. We show how instanton effects provide again important insights into the 
non-perturbative features of the duality. 
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Our notation and various technical details are discussed in a number of 
Appendices. 

Given the pedagogic nature of this review we refrain from drawing any 
conclusion or present any speculation. In Sect. 19 we try, instead, to summarise 
the crucial contributions given by Gabriclc to the subject both as the father 
of open string theory and as one of the deepest and most original investigators 
of the non-perturbative aspects of gauge theories. We thus simply list a few 
lines of research activity where Gabriclc's profound insight was precious to 
put existing problems in the correct perspective and help in solving them. 



2 Generalities about instantons 

Instantons (anti-instantons) are self-dual {F^^ = F^jy, F^i/ = ^e^j/pCT-Ppir) 
(anti-self-dual, Fp,^ = —Ffiu) solutions of the classical non-abelian Yang-Mills 
(YM) Euclidean equations of motion (e.o.m.) [1,2] ''. They are classified by 
a topological number, the Pontrjagin (or winding) number, K G Wj, which 
represents the number of times the (sub)group SU{2) of the gauge group is 
wrapped by the classical solution, A'^^{x), when x spans the Sa-sphere at 
the infinity of the compactified S4 Euclidean space-time ^. Homotopy theory 
shows, in fact, that the homotopically incquivalcnt mappings S3 SU{2) are 
classified by integers since il3(S'i7(2)) ~ 713(83) = 1 [7]. 



2.1 The geometry of instantons 

In the Feynman gauge {df^A^ = 0) the explicit expression of the gauge instan- 
ton with winding number = 1 for the SU{2) gauge group (to which case 
we now restrict) is 

^ g ''''' {x - xof (x - xo)2 + /,2 ' y ' 

where 77^^ are the 't Hooft symbols [2] ^. In (1) xq and p are the so-called 
location and size of the instanton, respectively. They are not fixed by the YM 



There are very many good reviews on the subject of instantons and their role in 
field theory. Some are listed in refs. [3-6]. 

In the following adjoint gauge (colour) indices will be indicated with early Latin 
letters, a,b,c, . . and vector indices by middle Latin letters, i,j, k, . . .. Thus for 
an SU (Nc) gauge group we will have a,b, c, ... — 1,2, ... , — 1 and k, . . . = 
1, 2, ... , Nc. Further notations are summarised in Appendix A. 
They relate the generators of one of the two SU (2) groups, in which the Euclidean 
Lorentz group, 50(4), can be decomposed (50(4) ~ SUl{2) x SUr{2)), to the 
generators of the latter through the formula Sj^„ = |f;JJ^cra with a a the Pauli 
matrices. The similar coefficients for other SU(2) group are the r?^„ symbols with 
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classical e.o.m., neither is the orientation of the instanton gauge field in colour 

space. Consequently the derivatives of the instanton solution with respect to 
each one of these parameters (collective coordinates [8]) will give rise to zero 
modes of the operator associated with the quadratic fluctuations of the gauge 
field in the instanton background [2,9,10] (sec Appendix B for details). 

The winding number of a gauge configuration can be expressed in terms 
of the associated field strength through the (gauge invariant) formula 



327r2 



yd^xF;,^;,. (2) 



For the action of a self-dual (or anti-self-dual) instanton configuration one 
then gets 

S'='-f\K\. (3) 

The topological nature of (1) can be better enlightened by first recasting it in 
the form {y = x — xq) 

4 = ^^K%^^^^](^). (4) 

where (see (517)) 

[r2Wta,/2W](a=) = -^,.^. (5) 
In the previous equations 

n^'Hx) = a,^ (6) 



is a topologically non- trivial SU{2) gauge transformation, since it does not 
tend to the group identity as \fi^ tends to infinity. To compute the winding 
number of the gauge configuration (4) it is convenient to gauge transform it 
by the transformation Q^^^ itself. One gets in this way 

From the second equality we see that (A^)^ -^- tends at infinity to a non-trivial 
pure gauge. Inserting (7) in (2), one gets the expected result, K = 1. 

The form (1) (or (4)) of the one-instanton field is called "singular" because 
the point where the non-vanishing contribution to the action integral comes 
from is at a; = xo, unlike the "non-singular" form (7) in which this point has 
been brought to infinity. 
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We recall in this context that the F^^F^^ density can be locally rewritten 
as the divergence of a gauge non-invariant vector through the formula 

F^uF^u = ^d^K^ , = e^,p„TT[A,Fp^ + ^A^A^A,] . (8) 

Thus (2) can be written 

where is the three-sphere at infinity in S4. Since, as we noticed above, 
(A^)^ "^' tends to a pure gauge at infinity and hence its field strength vanishes, 
(9) can be cast in the very expressive form 

^=^1 AS^e^,p„Tv[n^d,nn^dpQQ'^d„f}\, (10) 

in which we recognise the Cartan-Maurer formula. In general terms this quan- 
tity is an integer, which represents the winding number of the SU{2) gauge 
transformation, Q . 



2.2 Quantum tunneling 

The existence of instanton solutions in YM can be interpreted as an indication 
of quantum tunneling between different vacua, the latter being pure gauge 
configurations characterised by their winding numbers [2, 11, 12]. This fact 
can be illustrated in quite a number of ways. An easy, but heuristic argument 
is described below. A more sophisticated analysis is presented in Appendix C. 

Consider again the asymptotic formula (9), in which, however, the closed 
surface 83° has been (smoothly) deformed to an other closed surface, which 
we take as a hyper-cylinder of length T, bounded at t = —T/2 and t = T/2 
by three-dimensional compact spatial manifolds, S3. In the limit T — > 00 (9) 
can then be rewritten as the sum of three contributions 

K = lim^ ( ^ d^a; eajhTrlAiAjAk] \t=T/2 + 

- (fxe4ijkTv[AiAjAk]\t=-T/2 + 

+ [ [ dSiei,p^Tr[A^ApA^]) , (11) 

J -T/2 JSl ' 

where Sl is the three-dimensional lateral surface of the cylinder. It can be 
proved [13] that one can always find a gauge where 1) = on the lateral 

It can be explicitly proved that, setting flu = exp[ir"fe"], K is invariant under the 
infinitesimal deformations h°' —> h°' + 5h°' . Thus K only depends on the homotopy 
class to which Qh belongs and can always be normalised so as to be an integer. 
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surface S^; 2) the (time-independent) gauge transformations fi±{x) at t = 
±T/2 are such that at large \x\ they arc independent on the direction a;/|a;|. 
Under these conditions the third term in the r.h.s. of (11) vanishes. The other 
two terms take integer values because they represent the winding number 
of the mapping x n±{x) from the (manifold R'"' compactified to the) S3 
sphere onto SU{2) The net result of these considerations is that (11) can 
be cast in the form 

X = n+-n_, (12) 

n± = -^^ijk ^ d3a;Tr[r?i5if?± nldj^^ nidkr2±{x)] , (13) 

which shows that the instanton solution {K ^ 0) interpolates between vacuum 
states (pure gauge configurations) with difi^erent winding numbers. 

We refer the reader to Appendix C for a more rigorous discussion of in- 
stanton induced tunneling effects in a YM theory. 



2.3 Introducing fermions 

In this subsection we want to briefly recall some elementary facts on how 
to deal with fermions in the functional language in general and in the semi- 
classical approximation in particular. 



Fermionic functional integration 

When fermions are introduced it is necessary to define integration rules for 
Grassmann variables. This is a beautiful piece of mathematics of which a 
simple account can be found in [14]. The well-known results of this analysis 
can be summarised as follows. 

1) The functional integration over the degrees of freedom of a Dirac fermion 
belonging to the representation R of the gauge group has the effect of adding 
to the gauge action a contribution which is formally given by 

logjy ©/z[R](V,V^)exp[ J d^a;(^*7^i?^[R]V)(x)] 
= log {det [ij^D^ [R]] } = Tr log [ij^D^ [R]] , (14) 

where 

^i?,[R]7, = ^i?,[R](-yo'') (15) 
and the matrices and are defined in Appendix A. 



As an example of such gauge transformations one can take l?(x) — 
exp [zTrcr • x/\/x^ + 1], in which all the point at large |a;| are mapped into the 
group element —1. In this way the three-dimensional space manifolds at t = ±T/2 
become topologically equivalent to S3. 
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2) For a Weyl fermion, which has half the degrees of freedom of a Dirac 
fermion (compare (15) and (515)), there is the subtlety that the Dirac-Weyl 
operator maps dotted indices into undotted ones, thus making problematic the 
definition of a determinant for such an operator. In the literature many pre- 
scriptions have been proposed to address this issue in a rigorous way (see [15] 
and works quoted therein). Actually this difficulty is not relevant in practice, 
because one can always imagine to factor out the free operator and compute 
the determinant of the resulting operator which is perfectly well defined [16]. 
The contribution from the free part is obviously irrelevant in the computation 
of Green functions as it will cancel with an identical contribution from the 
normalisation factor (see (504)). Loosely speaking, looking at (15) and (515), 
we may say that ceteris paribus the contribution of a Weyl fermion to the 
functional integral is the "square root" of that of a Dirac fermion. 

Fermionic zero modes 

In computing the fermionic functional integral one is led to consider the de- 
composition of the associated spinor fields in eigenstates of the fermionic 
kinetic operator. As is well known, the existence of zero modes in certain 
background gauge fields, such as instantons, is of particular relevance for non- 
perturbative calculations both in ordinary and supersymmetric field theo- 
ries [2,4,5]. 

The number of zero modes of the Dirac operator in an external field is con- 
trolled by the famous Atiyah-Singer index theorem [17]. The theorem states 
that "the index of the Dirac operator (15), i.e. the difference between the 
number of left-handed (hl) and right-handed {ur) zero modes, is equal to 
twice the Dynkin index of the representation R times the Pontrjagin number 
of the background gauge field" . In formulae we write 

ind(£>^ [R]7^) = nL-nR = 2e[B.]K, (16) 

where ^[R] is the Dynkin index of the representation R. Let us now consider 

some interesting applications of this theorem. 

1. Weyl fermion in the adjoint representation, Adj, of the gauge group. We 
must distinguish between the left-handed (£'^[Adj]a-^) and the right- 
handed (_D^[Adj](j^) Weyl operator. In the first case = and the 
formula (16) becomes 

ind(i?^[Adj]a,,) =nL = 2N,K , (17) 

because ^[Adj] = A^c- Since obviously nz, is a non-negative number, there 
can exist zero modes of the left-handed Weyl operator only if the classical 
background instanton field has positive winding number, K > 0. Similarly 
for the right-handed Weyl operator one gets 

md{D^[Adj]a^) = -ur = 2N,K , (18) 

implying that there can be zero modes only '\i K < Q. 
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2. Actually the number of zero-modes in the adjoint representation of any 

compact Lie group, G, is always given by twice the value of the quadratic 
Casimir operator, 2c2(Adj(G)). This result follows from the formula [18] 

Adj(G) = 4Adj(5[/(2)) + n{G) 2 + s{G) 1 , (19) 

which expresses how the adjoint representation of G can be decomposed 
into irreducible representations of SU{2). In (19) we have introduced the 
definitions 

n(G)=2(c2(Adj(G))-2), (20) 
s{G) = d(Adj(G)) - 4c2(Adj(G)) + 5 , (21) 

where (i(Adj(G)) is the dimension of the adjoint representation of G. The 
number of zero-modes is then 4 -|- 2(c2(Adj(G)) - 2) = 2c2(Adj(G)) 

3. Dirac fcrmion in the fundamental representation, Nc, of the gauge group. 
Equation (16) with £[Nc] = 1/2 gives 

ind(£)^[Ne]7^) =nL-nR = K. (22) 

Again in the classical background instanton field there can be either left- 
handed fermionic zero modes, if if > 0, or right-handed ones, if if < 0. 

4. Fermion in the rank-two antisymmetric representation Nc(Nc — l)/2. 
The number of zero modes (of definite chirality) is {N^ — 2)K. 

Deriving the explicit expression of all these fermionic; zero modes is beyond the 
scope of this review and we refer the interested reader to the general methods 
that, starting from the seminal paper of [19], have been developed in the 
literature [6,20]. However, for completeness we give their explicit expression 
for a few cases more relevant for this review in Appendix A. 

2.4 Putting together fermion and boson contributions 

As we said, we are interested in computing expectation values of (multi-local) 
gauge invariant operators, by dominating the functional integral with the 
semi-classical contributions coming from the non-trivial minima (instantons) 
of the Euclidean action. The obvious question is whether this computational 
strategy leads to a reliable estimate of (O) . 

The general case 

In order to prepare ourselves for this analysis, let us write down the formal 
result obtained by performing the integration over the quadratic fluctuations 
(semi-classical approximation, s.c.) around an instanton solution with winding 
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number K. Including also the fermionic contribution in (560) and assuming 
for simplicity that there are no scalar fields in the theory , one gets 

(0)| =^nB-K^n^^^ (23) 

where P is the fermionic kinetic operator appropriate to the kind of fermion 
one is dealing with (Dirac or Wcyl) and the prime on the determinants is there 
to mean that obviously only non-zero eigenvalues are to be included. Further 
observations about this formula are the following. 

• The factor Kp is 1 for a Dirac fermion and i for a Wcyl fermion. 

• The residual fermionic integration 11^=1 dcj is over the Grassmannian 
coefficients associated with the np zero modes of the fermionic kinetic op- 
erator. We stress that in order not to get a trivially vanishing result, the 
Berezin [14] integration rules require a perfect matching in the number of 
fermionic zero modes between those of the fermion operators in the action 
and those contained in the operator O. 

• The extra ji dependence in front of the r.h.s. of (23) (with respect 
to (560)) is due (similarly to the case of the bosonic functional integration, 
sec Appendix B), to unmatched /i factors coming from the determinant of the 
fermion Pauli-Villars (PV) regulators 

• The power KpnF is dictated by the way in which zero modes contribute 
to the fermionic mass term in the action and the nature of the Grassmannian 
integration rules. 

• No further factor comes from dealing with the fermionic zero modes, 

provided they are normalised to one, which we will always do (this is at 
variance with what happens for bosonic zero modes, each of which contributes 
a factor ||norm||/-\/27r to (23)). 

• Generally speaking, the ratio of determinants in (23) will be a function 
of the instanton collective coordinates as well as /x. 

The computational strategy outlined above can be safely used if it can be 
convincingly argued that the classical minima (instantons) really dominate the 
integral. This is a delicate issue which can only be settled on a case by case 
basis. For instance, for the instanton contribution to dominate the functional 
integral one can imagine considering Green functions that are zero in perturba- 
tion theory. The argument here is that otherwise the non-perturbative instan- 
ton contribution, which is proportional to exp(— 87r^|ii'|/g'^), would represent 



The extension of the formulae of this section to the more general case where also 
elementary scalar fields are present is possible, but not completely trivial. See 
below and refs. [4,6,21-23] 

In order to have a more readable formula we have not shown in (23) the deter- 
minants of the various PV regulators. 
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a completely negligible correction with respect to any perturbative term. This 

is the situation one is usually dealing with in A/" = 1 supcrsymmctric theories. 

In the N = 2 and Af = 4 cases it is, instead, interesting to consider more 
general correlators which do not necessarily vanish in perturbation theory. 
In these cases instanton contributions, though comparatively exponentially 
small, can always be "tracked" if the theory t?-dependence is followed (see 
Appendix C). 

A second crucial question concerns the finitcncss of the r.h.s. of (23). In 
his beautiful paper 't Hooft [2] has shown that in QCD the integration over 
the instanton collective coordinates around the classical instanton solution 



does not lead to a finite result. The reason behind this fact is that the in- 
tegration over the size of the instanton, p, which comes from the ratios of 
determinant in (23) as well as from the norm of the bosonic zero modes, di- 
verges in the infrared limit, i.e. for large values of p (the integration near 
p = is, instead, convergent thanks to asymptotic freedom). This problem is 
not present in the supersymmetric case which we discuss next. 

The supersymmetric case 

Something really surprising indeed happens in the case of a supersymmetric 
theory. There, irrespective of the details of the theory (number of supersym- 
metries, gauge group, matter content, etc.), the whole ratio of (regularised) 
determinants is always exactly equal to 1 [24]. This is because the eigenval- 
ues of the various kinetic operators in the instanton background are, up to 
multiplicities, essentially all equal and, due to supersymmetry, there is a per- 
fect matching between bosonic and fermionic degrees of freedom, leading to 
contributions that are one the inverse of the other. The formula (23) thus 
becomes 



where we have explicitly carried out the final integration over the Grassman- 
nian variables Cj, j = 1,2, ... ^np- As a result the product of the np fermionic 
fields contained in O is simply replaced by the product of the wave functions, 
fj{x,(3), of the np zero modes. The sum over permutations is weighted by 
alternating signs because of Fermi statistics. Finally we have set kf — \, 
because in supersymmetric theories fermions are always introduced as Weyl 
particles. 



= Ajj^ , all other fields equal to zero 



(24) 




(25) 
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Actually in the case K = 1 (25) can be made even more explicit, be- 
cause for a gauge invariant operator the only dependence on the collective 
coordinates is that on the size and position of the instanton. Using (561) of 
Appendix B and the coset integration formula (derived in [9]) necessary for 
the generalisation to the case of the SU{Nc) group, one gets to leading order 
in g (where Z\s.c. = 1) 



SUSY 



.„2\2N, 



with 



{9^Y 

f^dWp'r^ 5:(-l)^o.>O(n/,,;^0, (26) 

4 (4.^)2^^ 

7r2 (iVc - l)!(A^c - 2)! ■ ^ ' 

Supersymmetry has in store another surprise for us. Recalling the multiplic- 
ity of the fermionic zero modes as given by the Atiyah-Singer theorem (see 
Appendix A), one finds that for a supersymmetric theory 

4iVe - ^np = h , (28) 

where 6i > is the first coefficient of the Callan-Symanzik /3-function. To 
prove (28) we recall the general formula 

h = y 4Adj] - ^ ^ nnA^F] - ^ E "Rb4R-b] , (30) 

R-F R-B 

where riRp and are the numbers of fermions and bosons in the representa- 
tions Rf and Rr, respectively. Since in a supersymmetric theory each fermion 
is accompanied by a bosonic partner belonging to the same representation R, 
(30) simplifies to 

h = 3^[Adj] - E rrnm] =3N,-J2 , (31) 

R R 

with riR the number of chiral superfields in the representation R. To be able 
to compare bi in the above equation with the combination that appears in the 
l.h.s. of (28) we make use of the Atiyah Singer theorem (see (16)). Separating 
out the contribution due to gluinos (the fermions in the gauge supermultiplet) 
which accounts for a 2Nc/2 contribution, we can write the l.h.s. of (28) in the 
form 

4A^c - \nF = 47Vc - A^c - ^2 E "R^R] = 3A^c - E "R^M ' (^2) 

R R 
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in agreement with (31). 

The interesting consequence of this equahty is that we can combine the 
exponential of the instanton action with the exphcit /x dependence to form 
the renormaHsation group invariant yl-parameter of the theory. Introducing 
the running coupUng fif(/u), we can thus write 

^4JVc-inFg-^ = /^^ . (33) 

We will exploit this key observation in the following, making it more precise 
(Sect. 4.1). 

3 Chiral and supersymmetric Ward— Takahashi identities 

Before embarking in explicit instantonic calculations of correlators, we want to 
spell out the constraints imposed on correlators by chiral and supersymmet- 
ric Ward-Takahashi identities (WTI's). We will show that in some interesting 
cases, when these "geometric" constraints are coupled to the requirement of 
renormalisability, the expression of certain Green functions is (up to multi- 
plicative numerical constants) completely fixed. 

The special Green functions which enjoy this amazing property are the 
n-point correlation functions of lowest (highest) components of chiral (anti- 
chiral) gauge invariant composite superfields. Although this is a very limited 
set of correlators, we will see that their knowledge, when used in conjunction 
with clustering, is sufficient to draw interesting non-perturbative information 
about the structure of the vacuum and of its symmetry properties. For this 
reason in this section we will limit our consideration to such correlators. We 
will in particular concentrate on the case of A/" = 1 Super QCD (SQCD) (see 
Appendix A for notations) with the purpose of exploring the properties of a 
sufficiently general theory in which also mass terms can be present. 

WTI's provide relations among different Green functions. They will be 
worked out under the assumption that supersymuietry is not spontaneously 
(or explicitly) broken, i.e. under the assumption that the vacuum of the the- 
ory is annihilated by all the generators of supersymmetry. Our philosophy 
will be that, if we find that some dynamical calculation turns out to be in 
contradiction with constraints imposed by supersymmetry, then this should 
be interpreted as evidence for spontaneous supersymmetry breaking. 

As we explained above, we are now going to consider the n-point Green 
functions 

G(xi, . . . , a;„) = (0|T(xi(xi) . . . x«(a:„)))|0) , (34) 

where each Xk{xk) is a local gauge invariant operator made out of a products 
of lowest components of the fundamental chiral superfields of the theory. Thus 
the operators Xh are themselves lowest components of some composite chiral 
super field, X^, for which we formally have the expansion 



Instantons and Supersymmetry 15 

Xk{x) = Xk{y) + y2rVafc(2/) + O'^Fkiy) , (35) 
y^ = x^+ie"afh. (36) 

On these fields the Q and Q generators of supersymmetry act as "raising" 
and "lowering" operators according to the (anti-)commutation rules 

[Q^Xk{x)]^0, {Q'^,ij^ix)} = V2a'^^d^Xk{x), (37) 
[Qc.,Fk{x)]=0, {Qa,iJk0{x)} = V2ec.pFkix) . (38) 

3.1 Space-time dependence 

The independence of the correlators of the form (34) from space-time argu- 
ments immediately follows from the (anti-)commutation relations (37). Tak- 
ing, in fact, the derivative of G with respect to X£ and contracting with o'^", 
one gets 

V2a^^^G{x,,...,Xn) = 

= {0\T{xi{xi) . . . {Q'',i,f{xe)} . . . Xn{xn)) |0) = . (39) 

The last equality is a consequence of the fact that Q can be freely (first com- 
mutation rule in (37)) brought to act on the vacuum state at the beginning and 
at the end of the string of Xk operators and that, under the assumption that 
supcrsymmcitry is unbroken, Q\0) = 0. Contributions coming from the deriva- 
tive acting on the ^-functions that prescribe the time-ordering of operators in 
G are zero because they give rise to the vanishing equal-time commutators, 
[Xi{xi, ti), Xkixk, tk)]S{tk — ti) = 0. Equation (39) proves the constancy of G. 
A similar result clearly holds for n-point correlators, G* , where only lowest 
components of antichiral superfields are inserted. 

We end this section with the important observation that all these cor- 
relators vanish identically in perturbation theory. Only non-perturbative 
instanton-like contributions can make them non-zero. 



3.2 Mass and g dependence 

The following further properties hold for correlators of lowest components of 

chiral, G, (or antichiral, G*) superfields [4,25,26] 

a) G is an analytic function of the complex mass parameters m/, i.e. it 
does not depend on (the opposite being true for G*). 

b) The mass dependence of G (and G*) is completely fixed. 

c) When renormalisation group invariant operators are inserted, the de- 
pendence upon the coupling constant is, in a mass independent renormalisa- 
tion scheme, fully accounted for by the renormalisation group invariant (RGI) 
quantities A and [w/jinv = iTT-f (see below (51)). 
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It is important to remark that properties of this kind can be readily ex- 
ported to the generating functional of Green functions, as they only follow 
from symmetry principles. They provide strong constraints on the form of 
the associated effective action. A celebrated example of application of this 
observation, though in a different context, can be found in the construction 
of the low energy effective action that describes the interaction of pions in 
QCD [27,28]. In supersymmetric theories the invariances are so tight that 
often the full expression of the effective superpotential is completely deter- 
mined [21,29-31] (see Sect. 5). 

a) Mass aiiEilyticity 

The statement a) follows from the supersymmetric relation (no sum over /) 
i}-^G{xi,...,Xn)=m}{0\T{xi{xi),...,Xn{xn) J d''xF*/{x))\0) = 

= m}J d^x (0|T(xi(ari) . . . x„(a;„){OdV'f (a:)}) |0) = , (40) 

with F^-^ the auxiliary field of the antichiral superfield = {x*/ ^ '^*/ ^ "^/^)" 
The first equality follows from the fact that, before the auxiliary field is elimi- 
nated by the e.o.m., is the coefficient of TOj. The second is a consequence 
of the complex conjugate of the anticommutation relation in (38). Finally, 
since Q commutes with the Xfe's, it can be brought in contact with the vac- 
uum state which is thus annihilated. 



rrif 



b) Mass dependence 

In order to simplify this analysis we restrict to Green functions where only 
the gauge invariant composite operators 

X--{x)K{t:)^^XX{x), (41) 



^f-'{x)(l>hr{x) = 4>^Mx) (42) 

are inserted. They are the lowest components of chiral superfields which will be 
called S and T^, respectively. Besides their obvious complex conjugate fields, 
we will sometimes also consider the composite operators tplj' {x)t{j'j^^{x) = 
tl)^tjjh{x). In general terms we will consider correlators of the kind 

G^;j!X''^' ('^1 ' • • • ' ' '^f +1 ' • • ■ ' ^^+9) = (43) 

2 2 

= (0|r(^/^,/.^,(xi) . . . ^/.<^^^(a;p)-|-^AA(xp+i) . . . ^XX{xp+g)))\0) . 

The dependence of (43) upon the mass parameters can be established in the 
following way. First of all we notice that from (40) we have 
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where we have set 

ruf = |m/|e*"^ . (45) 

In order to compute the derivative in the r.h.s. of (44) we perform the non- 
anomalous ^7^(1) transformation (see Appendix A) 

(v;^ i^h) ^ e^'>''"//2(^^ , {^\i'h) ^ e^(^^''-i/^^)"^/^(^\ v?.) , 

A^e-'«^/2JV,^^ (46) 

by means of which the dependence of the action is eliminated, but it is 
brought in the fields appearing in G^^*''^ . This allows to carry out in an explicit 
way the a / derivative, leading to the result 

™ ^ r<^p,q)fi,---Jp _ „(f),fi,---Jpn{P'9)h,---,fp //i7\ 

" 1=1 

where is the sum of all the U^j^(\) charges of the operators contained in 
Q{p,q) _ The above differential equation is easily integrated and yields 



JVf 



n(m/,m.ji4-f-;--^^=cK^^^^ ~= . (49) 



The ^ dependence of C^^''}^]^'"'^" {ii,g) is trivially fixed by dimensional anal- 
ysis and one finds 



c) g dependence 

The g dependence of C^^'^}^]^^"'^" {ii,g) is completely determined by renor- 
malisability. In fact, having factorised in the l.h.s. of (49) the mass factor 
Yl^=ii^fe''^he)^ 1 which precisely serves the purpose of making the 4>^(j)h op- 
erators in G^P''^^ behave like RGI insertions, the rest of the g dependence must 
all be expressed through the RGI quantities 

/ f9 I \ / /"^ 7 ig') \ 

A = txexpi^-J ^dff'j, m = mexpi^-J J^d^'j , (51) 

where /3 7^ and 7m (.9) are the Callan-Symanzik function of the theory and 
the mass anomaloiis dimension of the matter superfield, respectively. This 
implies that the g dependence must be of the form 
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in order to have 

(p + q) 

= A^P+<iK3-N,/N.)(^Y[me) t^i^;j!X-^'' , (53) 

with t^]'i^'^^^]l a dimcnsionlcss constant tensor in flavour space. 

The form of t'"^^'^^^]^ is strongly constrained (and sometimes completely 
determined) by the pattern of unbroken flavour symmetries of the theory. Its 
explicit computation will be one of the main subjects of the next sections. 

3.3 The anomalous U\{1) R-symmetry 

The integrated WTI associated with the anomalous Ux{l) R-symmetry (see 
Appendix A, (531), (532) and (520)) reads 

2iKNc{0{xu...,Xn))=y2{Tr^{xu...,Xn) ), (54) 

OOiyXi) a=0 
1=1 ^ 



where O*^"-* is the operator which is obtained by performing on O a U\{1) 
rotation of an angle a. Fo 
and (54) simply becomes 



rotation of an angle a. For the special Green function G^h^'^^'^]^^ "''^" (see (43)) 



IKNqG^^ (x\, . . . ^Xp^Xpj^l, . . . ,Xp^q) — 

= 2{p + q)G^^;^^^%-^''{xu ...,Xp; Xp+u Xp+g) , (55) 

because the Ux{l) rotation ofGlf;''^^^;; "^'' is proportional to g]^;^^/)^^-'^" itself 
through the factor 2{p + q). As a result only if 

p + q = KNc , (56) 

we can get a non-vanishing result. Notice that (56) implies K > consistently 
with the fact that we are dealing with lowest components of chiral superfields. 
Negative values of K will come into play in correlators with insertions of 
highest components of antichiral superfields. 

A particularly interesting situation arises if we insist that each flavour 
should appear exactly K times. Then (56) requires Nf < Nc. At this point to 
simplify our treatment we restrict ourselves to the case K = 1. Since in this 
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situation p = Nf, the whole dependence on the bare mass parameters drops 
out from the Green function we are considering and we get 

(Nf.N,-Nf)fi,...J'r,. A3Na-Nf fr^\ 

Ghi,...,hr,^ {Xl,...,XNf;XNf + l,---,XNjc^A (57) 

We expressly note that the exponent to which A is raised in (57) is not only 
the physical dimension of G^'^!'^''~^f\ but it also coincides with the first 
coeSicient of the /^-function of SQCD (see the discussion and the formulae in 
Sect. 2.4). 

Among the Green functions of the type (43) which fulfill the further re- 
quirements spelled out in this subsection, wc wish to specially mention here 
the one relevant in pure SYM where one gets the famous correlator [32,33] 

G(0'^=)(a;i, . . . , xi,^) = (-f^AA(xi) . . . -^AA(x^J) . (58) 



3.4 The Konishi anomaly 

The general need to regularise products of operator fields at the same point is 

at the origin of the axial anomaly [34] (sec Appendix A) and of the anomalous 
contribution that appears in certain supersymmetric anticommutators. Start- 
ing from the supersymmetry graded algebra summarised in (37) and (38), 
it has been shown in [35] that, after rcgularisation, in massive SQCD the 
following (anomalous) anticommutation relation holds 

^{0", i>i<t>h{x)} = -mf4>^M^) + ^^^i^)^h > (59) 

whore besides the naive m,f(f)f 4)h{x) term an extra contribution appears. This 
relation is what usually goes under the name of "Konishi anomaly" . Clearly, 
if the vacuum of the theory is supersymmetric, by taking the v.e.v. of (59) 
a proportionality relation between gluino and scalar condensates emerges, 
namely 

mf{(l)^(f)f} = ^^(^^) ' no sum over / , (60) 

besides 

{4>^ct>h)=0, f^h. (61) 



4 Instanton calculus 

We want to show in this section that the Green functions considered in (57) re- 
ceive a non-vanishing computable one-instanton contribution. In other words, 
although zero in perturbation theory, they can bo exactly evaluated in the 
semi-classical approximation by dominating the functional integral with the 
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one-instanton saddle-point. A non- trivial result is obtained because the num- 
ber of ferniionic fields that arc inserted in G^^f'-^'~^f ^ (cither at face value 
or at the appropriate order in g) is precisely equal to the number of fermionic 
zero modes present in the K = 1 instanton background. 

4.1 Instanton calculus in SYM 

The computation of the correlator (58) in the semi-classical one-instanton 
approximation is not too difficult by using the results wc have recollected in 
Appendix B (about bosonic zero modes and collective coordinate integration) 
and the explicit expression of the 2Nc gluino zero modes that can be found 
in Appendix A [4,20]. 

We will consider the case of a pure SYM theory with gauge group 
SU{Nc) The striking outcome of the calculation (which is based on equa- 
tions from (25) to (27)) is that the apparently extremely complicated depen- 
dence of the correlator upon the space-time location of the inserted operators 
is completely washed out by the bosonic collective coordinate integration and, 
as expected, a space-time independent (constant) result is obtained in agree- 
ment with the supersymmetric WTI (39). Explicitly one finds [32,33] 

G(0'^=)(xi,...,x^J = C;v.(4YMn''' 

where 

2^<= 

^"^^ " (3iVe-l)(7Ve-l)! ' 

4YM'^^ = Me-8-^/3^='?^(52)-i/3 

Equation (64) follow from the known value of the 2-loop coefficient of the 
/3-function of the theory and shows that dominating the functional integral 
by the semi-classical one-instanton saddle-point gives a (2-loop) RGI answer. 

From this result two important consequences can be derived, one concern- 
ing the form of the /3-function of the theory and the second the structure of 
the vacuum. 



(62) 



(63) 
(64) 



The SYM /3-function 

One can argue that the result (64) is valid to all loops in the sense that higher 
order power corrections in g arc indeed all vanishing. The argument goes as 
follows. As we remarked in Appendix B just at the end of the first subsection, 



For SYM theories with other compact Lie group see [36] 
' The constant Cat,, differs from the similar constant appearing in (4.9) of [4] by a 
factor 2*^''. This mistake was pointed out by various authors [23,37,38] and was 
the consequence of an erroneous normalisation of the gluino zero modes. 
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one can go on with perturbation theory around the instanton background by 
expanding in powers of g terms cubic and quartic in the fluctuations, as well 
as terms coming from the Faddeev-Popov procedure. One should be finding in 
this way logarithmically divergent contributions which would be interpreted 
as higher order terms in the Callan-Symanzik /3-function. In the present case, 
however, no such term can arise because there is no dimensionful quantity with 
which we might scale the (would-be) logarithmically divergent /z dependence. 
In fact, the only other dimensionful quantities arc the relative distances Xi—Xj 
of the operator insertion points. But the supersymmetric WTI (39) prohibits 
any such dependence. 

We must conclude that in the rcgularisation and renormalisation scheme 
we work and in the background gauge, the A parameter is "2-loop exact". 
This observation is equivalent to the result of /J-exactness first put forward 
in [39], which amounts to say that one has the exact formula 

f^'^M = -^Y^^wkn6^'- ^^^^ 

Introducing (65) in 

-r^''^^^=r^. (66) 

one gets, in fact, by a straightforward integration precisely (64). We stress 
that no approximation (no expansion in powers of g) has been performed in 
the step from (65) to the formula (64). 

Equation (65) can be generalised [39] to encompass the case of extended 
supersymmetry with Af = 1,2,4 supercharge multiplets through the simple 
formula 

P^yy) 167r2l-2(2-AA)52iV^/l67r2 ' ^ ' 

which incorporates the known facts that the Af = 2 /3-function is 1-loop exact 
and the Af = 4 /3-function just vanishes. 



The structure of the SYM vacuum 



The space-time constancy of the result (64) allows us to compute the expecta- 
tion value of the composite operator g^XX/'i2Tr'^ by simply imagining that the 
separations |a;i — | are very large. Using clustering, it will be possible to write 
(7(0, JVc) i^j^j; product of the v.e.v.'s of such operators (gluino condensate, in 
the following). 

The computation is straightforward if the vacuum of the theory is unique. 

Here the situation is more; complicated becaiisc of the very fact that the 
gluino condensate is not vanishing. This means, in fact, that the residual 
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^2Ar<: symmetry of the theory (see Appendix A) is actually spontaneously 
broken down to Z2 with the consequence that there are Nc degenerate vacua 
in which the theory can live, related by Wjn^ transformations. Incidentally we 
note that this result is perfectly consistent with the prediction based on the 
Witten index calculation [40] . 

In the presence of many equivalent vacua the functional integral yields 
non-perturbative results where contributions coming from different vacua are 
averaged out. Thus in order to extract useful information from the clustering 
properties of the theory one has to take into account this phenomenon and 
go through a procedure called "vacuum disentangling" [4,33]. All this simply 
means that we should write for G^^'^"^ the formula 

1 2 
G(o,A^.) = _L^[(r,,|^AA|l2.r% (68) 
" fe=i 

with the gluino condensates transforming under 'Z2Nc as 

2 2 
(^^felgl^AAII^fc) =e'^(f2o|3|^AA|r2o), fc = 1, 2, . . . , iV^ . (69) 

This equation is telling us that the average in (68) is trivial and we get in the 
A;-th vacuum 

m^XXm = e^ {C^y^''^ {4YMn' > fc = 1, . . . , A^c . (70) 
Discussion of the results 

The picture we got from the calculation presented in the previous section 
looks rather convincing and physically sound. It perfectly matches all our ex- 
pectations and it has been carried out in a clean and rigorous mathematical 
way. It is uniquely based on the assumption that Green functions which can 
receive contributions only from the K = 1 sector of the theory can be re- 
liably computed by dominating the functional integral by the one-instanton 
saddle-point. We have also argued that the 2-loop RGI result obtained in the 
semi-classical approximation is exact in the sense that it does not get further 
perturbativc corrections. 

Despite all these nice features, it has been argued in the literature that 
the method employed to get the result (62) cannot be right because it seems 
to encounter a number of problems with other considerations. 

(1) The Nc dependence of Cjv^ leads in the 't Hooft limit {Nc 00 with 
g'^Nc fixed) to an Nc dependence of the gluino condensate (70) that it is 
not what one would expect from the fact that the gluinos (together with 
the gauge field, A/j,) belong to the adjoint representation of the gauge group. 
Taking into account the g"^ factor that was introduced in front of the gluino 
bilinear, one would naively expect (.g^AA) ^ 0{g'^N^) ^ 0{Nc) in the 't Hooft 
limit. From (62) and (63), one finds instead (ff^AA) ~ 0{g'^Nc) ~ 0(1). 
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(2) In [38] the calculation of G^^'^"^ has been repeated in a fully super- 
symmetric formalism and the result summarised in (62), (63) and (64) was 
confirmed (up to the correction for the factor 2^"^ that we already mentioned). 
Interestingly these authors have also been able to extend, in the large Nc limit, 
the semi-classical instanton calculation to Green functions which receive con- 
tributions from topological sectors with winding numbers K > 1, i.e. to Green 
functions with KNc insertions of the gluino bilinear. The result of this calcu- 
lation, when clustering is used, is inconsistent with it, because it leads to a 
value of the condensate which is not independent of K. 

(3) The computation of G^^'^"^ can be indirectly done starting from 
the more complicated case where extra massive matter supermultiplets are 
added [21,31,41] and then exploit the notion of decoupling [42,43]. We recall 
that in a nut-shell decoupling is the property of a local field theory accord- 
ing to which when some mass becomes large, the corresponding matter field 
disappears from the low energy physics (see Appendix D), modulo possible 
consistency conditions resulting from the requirement of anomaly cancella- 
tion [44]. 

From symmetry arguments it is often possible to determine, up to a mul- 
tiplicative constant, the form of the effective superpotential of the enlarged 
theory in terms of the relevant composite operators (see Sect. 5). Then con- 
sistency arguments, following from sending to infinity each mass successively, 
supplemented by "constrained instanton" calculations (see next paragraph), 
can be used to determine this constant (sec Sect. 5.2). Clearly checking its 
value is important for the self-consistency and the reliability of the various 
approaches (see point (1)) above). One finds that, if computed by looking at 
the effective superpotential calculations, the value of this constant docs not 
agree with what one can deduce from the formulae (62) to (64). Of course 
the comparison was done after having properly matched the RGI parameters 
associated with the different regularisations employed in the various calcu- 
lations [23]. For instance, in the SU{2) case one finds from the equations 
in Sect. 4.1 C2 = 4/5 instead of the result C2 = 1 one would obtain from 
decoupling arguments. 

Despite a lot of work in the years that followed these findings, there 
is no clear understanding of why there are such discrepancies and where 
they come from. One line of arguments [21,31,45,46], first prompted by 
the results described in (3), relies on the observation that when scalar fields 
are present other quasi-saddle-points exist, in which scalar fields get a non- 
vanishing v.e.v.; which should be taken as background configurations in the 
semi-classical calculation of Green functions. In fact, the (partial or full) break- 
ing of the gauge symmetry leads in the limit of very large v.e.v. 's to a weakly 
coupled theory, where semi-classical instanton calculations arc expected to 
be reliable. In this context the non-trivial problem arising from the fact that 
in the presence of non- vanishing scalar v.e.v. 's the SQCD e.o.m. have no so- 
lution (owing precisely to the nature of the scalar boundary conditions) is 
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circumvented by making recourse to the so-called "constrained instanton" 
method [47] 

It is not completely clear to us whether the constrained instanton method 
(sometimes also called the "weak coupling instanton" (WCI) method, from 
which the nick-name "strong coupling instanton" (SCI) method was in oppo- 
sition attributed to the approach described in Sect. 4.1 and further employed 
in Sect. 4.2 below) can be considered as a completely satisfactory solution to 
the problems listed above. Wc now want to briefly discuss this question by 
illustrating some pro's and con's of the two approaches. 

• Certainly, if one accepts the WCI computational strategy, the problem 
mentioned in (1) disappears. As for the question of consistency with clustering 
(point (2) above), to date no check of the kind done in [38] was carried out. 
Finally we do not see a really rigorous way to decide on the basis of the 
present knowledge whether \fC2 = 2/ \fh or \fC2 = 1 is the correct answer for 
the constant in front of the gluino condensate. One possibility to settle this 
question could be to make recourse to a lattice formulation of SYM [48] and 
directly measure in Monte Carlo simulations the gluino condensate. Up to now 
unfortunately severe technical difSculties have prevented such a measurement. 
For a recent review on the subject of supersymmetry on the lattice see [49] . 

• The whole idea of working in the Higgs phase of SQCD comes from 
the key observation that, in the massless limit, the superpotential possesses 
a complicated vacuum manifold (see Appendix E). It is customary in the 
literature to speak about "flat directions" [21,31,50], i.e. constant values of 
the scalar fields along which the D-term vanishes. It is in this situation that 
all the explicit WCI calculations have been carried out Despite the fact 
that explicit instanton calciflations have been carried out in the massless limit, 
their results and implications have been employed in the massive case. In this 
context it should be noted that the massless limit of the massive SQCD theory 
is a very delicate one. For instance, as wc shall sec, the SCI approach gives 
results in the massive case that, when extrapolated to vanishing mass, are not 
consistent with results directly obtained in the massless theory. This feature 
finds a natural explanation in the infrared structure of the theory which is 
such that the massless limit of the massive theory does not coincide with the 
strictly massless situation [43] . 

• The W CI approach has found its most successful application in predicting 
the non-perturbative expansion coefficients of the SW [51] expression for the 
effective prepotential of the M = 1 SYM theory (see Sect. 9). 

^® The theoretical foundation of the method is somewhat delicate (it relies on intro- 
ducing in the functional integral a suitable "constraint" which breaks the inte- 
gration meEisure into sectors of well defined instanton scale size) and its technical 
implementation requires a number of non-trivial mathematical steps. Its presentar- 
tion is beyond the scope of this review, but can be found in the original literature. 
We recommend to the reader the nice work of [23]. 

^"^ Besides the original papers in [45], the basic work from which all the old WCI 
calculations make reference to is the paper quoted in [23]. 
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• On the other hand in Af = 4 SYM, despite the fact that there are 

flat directions for the scalar potential, no scalar v.c.v.'s arc assumed to be 
generated (as a non- vanishing v.e.v. would break the (super)conformal invari- 
ance of the theory) and all instanton calculations are performed in the SCI 
way we described in Sect. 4.1. Actually in A/" = 4 there is no running of the 
gauge coupling (67) and one can always think that calculations are done at 
infinitesimally small values of g. Thus non-perturbative instanton calculations 
in A/" = 4 SYM do not seem to fall under the criticisms raised for the J\f = 1 
and Af = 2 cases (see Sects. 14-15). 

4.2 Instanton calculus in SQCD 

In this section we move to SQCD. The action of SQCD is obtained by cou- 
pling (in a gauge invariant and supersymmetric way) to the SYM supermul- 
tiplet Nf pairs of matter chiral superfields, and 3(. (/ = l,2,...,Nf, 
r = 1,2,..., Nc) belonging, respectively, to the Nc and Nc representation of 
the gauge group (see Appendix A for some detail and [36] for an extension 
of these considerations to theories with different gauge groups and matter 
content). 

We want to identify and compute, according to the strategy developed in 
Sect. 4.1 to deal with SYM, the Green functions that, besides being space- 
time constant, can be reliably evaluated by dominating the functional integral 
with the one-instanton saddle-point. We shall start by analysing the massive 
case, where the further information provided to us by the Konishi anomaly 
relation [35] can be exploited and will allow to determine both the gluino 
and the scalar matter condensates and check the internal consistency of our 
calculations. In Sect. 4.2 we will discuss the puzzling features that arise when 
the limit m ^ is taken. 

Massive SQCD 

Already looking at the general results derived in Sect. 3.2 about the mass de- 
pendence of Green functions with only lowest components of chiral superfields, 
we see that their small mass limit is rather delicate, as infrared divergences 
seem to arise. To avoid hitting this difficulty we start by limiting the use of 
instanton calculus to the computation of the correlators that according to (53) 
are mass independent. Among those we will concentrate here on the following 
three (see (57)) 



26 



Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi 



A) . . . , xr,J = n £^ G(°'^=Hxi, ...,xmJ = 

B) G(^/-^-^/)(xi,...,:rA.J = 

2 2 

= (^Vi(a^i) • . .^^^</.jv,(xiv,)3|^AA(a;iv,+i) • • • ^>^K^n^)) , (72) 
and, in the particular case Nf = Nc, 

C) D{x,x') = (det(/)(a;)det0(x')) , (73) 

det</)= ^e^--^"/e.„...,.,>^^i,...,0;;::= , (74) 

det^= ^e/„...,/„^e'^--'-«=^/j,...,^;2 ' ^^^^ 

(A) Let us start the discussion with F^°'-'^'=\ We notice that it contains 
exactly the number of gluino fields necessary to match the number of zero 
modes that the theory possesses in the K = 1 sector. We recall that, since at 
the moment we are considering the case in which the matter is massive, no 
zero modes associated with matter Weyl operators exist. In this situation we 
can safely compute the functional integral which defines the above correlator 
by dominating it with the one-instanton saddle-point. The calculation goes 
through the following steps. 

1) Every factor d/dnif can be replaced by the insertion of the action mass 
term 

__ ^ y d^x l^pf^Pfix) + m*j(4>*^ <^f{x) + ^^<^)(x))] , (76) 

2) which, after integration over the matter supermultiplets, becomes 



|w/| 



2 



-Tr 



2 , 1 

tr( 



(77) 



It is understood that the covariant operators.^ and in (77) are computed in 
the one-instanton background field. The multiplicative mass factors in front of 
the trace have the following origin: i) the term m*^ comes from the expression of 
the matter propagators; ii) the ratio ruf / ^ comes from what is left out from the 
ratio between the determinant of the matter Weyl operator and its regulator, 
after the supcrsymmetric cancellation of the non-zero mode contribution has 
been taken care of. 

3) A cancellation of modes also takes place between the two terms in (77). 
Only the fcrmionic mode with eigenvalue m j (i.e. the zero mode in the mass- 
less limit) contributes and one simply gets 
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druf fj, |m/P /U ' 

4) At this point the functional integration with respect to the gauge su- 
permultiplet fields remains to be done. Since the sole efi'ect of the matter 
integration is to yield the factor ii~'^f , we are left with exactly the same 
calculation we did in Sect. 4.1. We thus get 

F(°.^c) _ . , ) = ^ (79) 

from which, by integrating with respect to m/, / = 1,. . . ,Nf, we obtain 

j .l-\oop\3N^-Nf 

. ..,x^j= cr,^ ;^ — n ^/ • (80) 

Two observations are in order here. First of all, by taking the A^c-th root of 
the above expression, one can determine the value of the gluino condensate in 
massive SQCD. One finds 

which shows that, as in SYM, the discrete Z2Ar^ symmetry is spontaneously 
broken down to ^2, living behind an Nc-fold vacuum degeneracy. This is the 
expected result, since the presence of massive fields cannot modiiy the value 
of the Witten index [40] . 

Secondly, it can be checked that the formulae (80) and (81) define 2-loop 
RGI quantities, as it follows from the known expressions of the /3 and 7^ 
functions of the theory. Through 0{g^) and 0(5^) they read, respectively 

PsQCu = -^{3N, - Nf) + -^{-QN', + AN^Nf - 2^) + 0(/) , (82) 



9^ 1 



7. = -^^ + 0(/). (83) 
Actually it has been argued [39] that the following "exact" formula holds 

/3sqcd(5) - - i_252^Ji67r2 ' (^^) 

which generalises (65) to the SQCD case. Formula (84) perfectly fits with the 
previous ones to the order they are known and renders the expressions (80) 
and (81) RGI quantities to all orders. 

(B) The computation of the correlator (72) is much more subtle. First of 
all one notices that it vanishes to lowest order in g because at the instanton 
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saddle-point (j)f = cp^ = 0. Secondly the number of inserted gluino fields 
docs not appear to match the number of the existing zero modes. Finally the 
matter functional integration requires the knowledge of the massive fermion 
and scalar propagators, (P^ — |mp)~^ and (D^ — |mp)~^, in the instanton 
background which is not available in closed form. 

The first and second problems are solved by observing that the integration 
over the scalar matter fields amounts to substituting (pf and with the 
solutions of their classical e.o.m., which schematically read 

(Pf = -iV2g{D'^ -Irufl^y^XTpf , (85) 
4>f = iV2g {D^ - \mff)-'^-4>fX . (86) 

One easily checks that, at the expenses of going to higher order in g, in this 
fashion one ends up having the right number of inserted gluino fields. 

As for the last problem, we start by observing that the integration over the 
matter fermions has the effect of replacing for each flavour the tp^ {x)'ipf{x') 
product with the corresponding fermionic propagator in the instanton back- 
ground. After the matter integration one thus arrives at an extremely compli- 
cated integral over the collective instanton coordinates, where the unknown 
fermion and scalar background propagators appear. In order to proceed with 
the calculation we notice that the instanton semi-classical approximation re- 
spects supersymmetry and that consequently the correlators we are consider- 
ing will come out to be constant in space- time and mass independent, as shown 
in Sect. 3. The idea is then to perform the residual computation in the limit 
of very large masses (more precisely in the limit to/ ^ \xi — Xj\~^ ^sqcd), 
where the fermion and scalar background propagators tend to their free-field 
expression. One ends up in this way with feasible integrals which yield the 
result (compare with (80)) 

We remark that this quantity is not RGI as it stands. To make it RGI we 
must renormalise the scalar fields. One way of doing this is to multiply both 
sides of (87) by the factor Ylfirif. 

(C) The computational strategy outlined above leads for the correlator (73) 
to the simple result 

D{x,x')=0. (88) 

Prom the results (81) and (87) one can compute both the gluino and the 
scalar condensates. Recalling (82) and (83), one gets 

{{2k\mf^^'cPf\Qk) = {nk\^XX\nk) = 

= e^(c..(4Q^cT)'"^-"^ n-ri''"°- (89) 
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Furthermore, one can derive the relations [4, 26] 



(f?fc|det0|r2fe) ^ (I2fc|det0|r2fc) =0. 



(90) 
(91) 



Ah these results (see (89) to (91)) are fully consistent with the WTI's of super- 
symmetry and with (60) and (61) implied by the Konishi anomaly relation [4]. 

The important conclusion of this thorough analysis is that the non- 
renormalisation theorems [52] of supersymmetry are violated by instanton 
effects as it results from the fact that chiral (composite) operators acquire non- 
vanishing v.c.v.'s, while they arc identically zero at the pcrturbativc level. One 
way of understanding this surprising finding in the language of the effective 
theory approach of Sect. 5 is to say that instantons generate a contribution 
to the effective superpotential which is non-perturbative in nature. 

Massless SQCD 

We now consider the strictly massless (m/ = 0, / = 1, . . . , Nf) SQCD theory. 
Prom the formulae we derived in the previous sections it should be already 
clear that the limit ^ is not smooth. Indeed, we will see that a straight- 
forward application of the instanton calculus rules, that we have developed in 
the massive case, to massless SQCD leads to results that do not agree with 
the massless limit of the massive formulae. 

The origin of this discrepancy is not completely clear. As we said, one 
possibility is that the rn/ ^ limit of the massive theory does not coin- 
cide with the strictly massless theory, as a consequence of the fact that the 
small mass limit of massive SQCD is plagued by infrared divergences. Besides 
the divergences encountered if the massless limit of (89) is taken, a simple 
analysis shows, in fact, that a (naive) small |to/|^ Taylor expansion gives 
raise to Im/j^ x l/]m/]^ contributions that would be absent in the strictly 
massless SQCD theory. Another possibility, strongly advocated in refs. [32] 
and [21,31], is related to the observation that in the absence of mass terms 
the matter superpotential has a huge manifold of flat directions along which 
the exponential of the action does not provide any damping. In this situa- 
tion it is not at all clear that the instanton solution (24) can be taken as the 
configuration which dominates the functional integral. Other types of quasi 
saddle-points, where scalar fields take a non-zero v.e.v., may be also relevant. 
The strategy suggested by these authors to deal with this situation will be 
discussed in Sect. 5. Here we want to first show what sort of results follow 
when the massive instanton calculus developed in Sect. 4.2 is blindly applied 
to massless SQCD. 

The Green functions that have the correct number of fermionic zero modes 
in the one-instanton background are restricted to 
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•G\''^i''''-'''^^^Hx^,...,XNj= for TV, > TV/ (92) 

= {4>^'<PhAxi) ■ ■ ■ 4''''''^' 4>hMf{xNf)-^^>^KxNf + l) ■ ■ ■ '^^^■^(^^c)) 1 

• D{x, x') = (det[^(x)]det[^(x')]) , for N^ = Nf, (93) 

because now there exist zero modes also for the matter fcrmions, ip-^ and 
ipf. A non- vanishing result is obtained if for each scalar field an appropri- 
ate Yukawa interaction term is brought down from the action. In this way 
2TVc gluino zero modes, Aq, together with the fermionic matter zero modes, 
"tpQ and tpofj f = 1, • • • ,Nf, will appear simultaneously. At the same time, 
when scalars are contracted in pairs, the scalar propagator in the instanton 
background, (D^)~^ or (L)^)~^, is generated which will act on the product 
Xoipo or V-'oAo, respectively. Unlike the massive case, closed expressions for 
{D^)~^ and (D^)^^ exist which allows to explicitly compute the form of the 
"induced scalar modes" , by solving the field equations D'^cj) + i£c\/2Ao'0o = 
and D^(f> — ig\/2^oXa = 0, respectively 

The problem with the SCI computational strategy we have briefly de- 
scribed can already be seen by taking, for simplicity the case Nc = 2 and 
Nf = 1. In massless SQCD (after correcting for the usual factor 2'^" with 
respect to result quoted in [4]), one gets 

mxi)^xxix,))\^^^ - ^^^H^' ^^'^ 

while for the same Green function in the massive case we got (see (87)) 

mx,)^XXix,))\^^^ = 5 ^ ■ (95) 

Apart from the numerical discrepancy visible between (94) and (95), what 
is more disturbing is that (94) is in conflict with the Konishi anomaly re- 
lation (60), which in the massless regime (and using clustering) implies the 
vanishing of the gluino condensate. An alternative to this conclusion would 
be to say that the scalar condensate can be infinite in massless SQCD (see 
the discussion in Sect. 5.2). 

Notice that for Nj > f the massless SQCD action possesses a non- 
anomalous SULiNf) X SUR{Nf) X Uv{l) X U^{1) symmetry (see (539)). This 
means that in extracting the scalar condensates a vacuum disentangling step 
analogous to the one performed in Sect. 4.1 is necessary. Proceeding in this 
way, one again finds results for the condensates that do not agree with what 
was found in the massive case. 

Also the result for the correlator (93) is at variance with (88). We now 
find D{x,x') 7^ 0, which implies (no disentangling is necessary here, as det^ 
and det^ are invariant under the chiral flavour group) 

(det 6) ^0. (det </-) 7^ , (96) 

signaling the spontaneous breaking of the J7y(l) symmetry. 
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4.3 The case of chiral theories 

In this section we wish to discuss the very interesting case of supersymmetric 
theories of the Georgi-Glashow type [53] , where matter fermions are chiral. 
There is a quite remarkable literature on the subject. A selection of useful 
papers can be found in refs. [4,31,54-56]. 

In this review we will limit to consider SU{Nc) gauge theories with matter 
in the fundamental, Nc, and antisymmetric, Nc(Nc — l)/2, representation. 
We recall that gauge anomaly cancellation requires the number of fundamen- 
tals, Tifundi and antisymmetric, rianti = M, representations to be related by 

rifund = M{N, - 4) . (97) 

The resulting /3-function 

/3GG = -|^[3(iVc + M)-M7Ve]+0(ff^) (98) 

implies asymptotic freedom if M < 3Nc/ {Nc — 3). 

The composite operators that, besides come into play are 

generically constructed in terms of the lowest components of the chiral matter 
superfields for which we introduce the notation 

^1 , -'^= 1,2,..., rifund, 

(99) 

Xvs = -xr , r,s = l,2,...,7Ve, i = l,2,...,M. 

Non-perturbative calculations are of special importance here, as Witten 
index arguments have so far been unable to make any definite statement 
about the nature of the vacua of the theory. Actually a variety of scenarios 
turn out to be realised according to the specific matter content of the action 
that can be summarised as follows. 

(I) Unbroken supersymmetry with well defined vacua [31,54]. One such ex- 
ample is the SU{6) case with M = 1 and correspondingly rifund = 2. The 
allowed superpotential possesses no flat directions and the unique perturba- 
tive vacuum is at vanishing values of the scalar fields. There exist instanton 
dominated (constant) Green functions which upon using clustering give results 
in perfect agreement with the constraints coming from the Konishi anomaly 
relations. One finds that the discrete Z30 symmetry is spontaneously broken 
down to Zf,; leaving behind 30/6=5 well defined supersymmetric vacua. We 
remark that here, unlike SYM and SQCD, the number of vacua is not equal 
to Nc- It should be noted that in this example vacuum disentangling can be 
trivially carried out. 

A more delicate situation occurs if we double the number of families, i.e. 
if we take M = 2 [56], because a non-trivial vacuum disentangling over the 
transformations of the complexification of the global symmetry group SU{4:) x 
SU (2) is necessary here. When this is done, results from instanton calculations 
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allow to determine all the condensates. In particular one finds that the discrete 

TLyi symmetry group is spontaneously broken down to K3, leaving behind 
12/3=4 well defined supersymmetric vacua. The interesting observation is that 
in this theory also the relations entailed by the Konishi anomaly equations 
allow to completely compute all the condensates. Reassiiringly the two sets of 
results turn out to be in perfect agreement. For a discussion of these results 
from the complementary effective action point of view see Sect. 5.3. 

In both the above cases when the superpotential is switched off the vacuum 
becomes ill defined, because in this limit necessarily some of the condensates 
must "run away" to infinity. This is due to the fact that the relations among 
condensates involve (inverse) factors of the Yukawa couplings. 

(II) Unbroken super symmetry with ill defined vacua. This situation occurs 
in theories based on a SU{Nc) gauge group with Nc even and larger than 
8. Also in the presence of a non- vanishing superpotential, one finds that, 
in order to reconcile instanton results with the implication of the Konishi 
anomaly relations, one has to assume that some of the scalar condensates run 
away to infinity [56]. Such a result is seen to be related to the existence of 
flat directions in the superpotential. In this respect the situation is similar 
to massless SQCD, where we had at the same time flat directions in the 
superpotential and infinite scalar condensate in order to avoid contradictory 
results between instanton calculations and the Konishi anomaly equation. 

(III) Spontaneously broken super symmetry. This conclusion indirectly 
arises in Georgi Glashow type models in which the gauge group is SU{Nc) 
with Nc odd, because of conflicting constraints between instanton calculations 
and relations implied by the Konishi anomaly equation. Several speciflc cases 
have been considered in the literature. We list here some interesting examples. 

1. 7V(, = 5, Af = 1 and consequently nfun^ = 1. Although in this case no su- 
perpotential can be constructed, it can be shown that the theory does not 
admit any perturbative flat direction [31]. Because of the absence of super- 
potential the Konishi anomaly relations imply that the gluino condensate 
must vanish. When this result is put together with the non-perturbative 
calculations of certain instanton dominated Green functions [4, 54] , one is 
led to the conclusion that the involved scalar condensate cannot take a 
finite value, if clustering is used and the vacuum is supersymmetric. The 
wandering to infinity of the scalar condensate in the absence of flat direc- 
tions looks highly implausible and one should rather conclude that there 
is a dynamical breaking of supersymmetry owing to non-perturbative in- 
stanton effects. 

2. Nc = 5, M = 2 and consequently rifund = 2. This time the theory admits 
a superpotential but still no flat directions exist. Unlike the previous case, 
from the Konishi anomaly equations one can prove that all condensates 
must vanish. This is in contradiction with the non-vanishing result given 
by the instanton calculation of the Green function where the product 
of these condensates appear, if clustering is invoked and the vacuum is 
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supersymmetric. The most tempting conclusion is that supersymmetry is 
dynamically broken. One might object to this conclusion that actually 
the instanton calculation is performed in the absence of a superpotential, 
i.e. in a situation where disentangling is necessary and flat directions are 
present. This should not be a problem, however, because, unlike the case 
of the mass dependence, one expects the limit in which the superpotential 
coupling vanishes to be a smooth one. For a discussion of these results 
from the complementary effective action point of view see Sect. 5.3. 
3. Nc > 7, M = 1. There exist many instanton dominated Green functions 
which, after vacuum disentangling, yield an overdetermined set of relations 
for the condensates [56] . One can solve the resulting equations finding full 
consistency with clustering. However, the Konishi anomaly equations are 
such as to imply the vanishing of several condensates and thus through 
instanton results the run away of others. Because no (perturbative) flat 
directions exist in these models, one is led again to conclude that super- 
symmetry is spontaneously broken. 

5 The effective action approach 

Symmetry properties of the action in the form of anomalous and non- 
anomalous WTI's together with explicit dynamical (instanton) calculations 
have taught us a lot about the nature of supersymmetric Af = 1 theories. A 
very useful and elegant way to recollect all these results is to make recourse to 
the notion of "effective" , or "low energy" , action (sometimes also referred to 
as "effective Lagrangian"). This notion, though with slightly different mean- 
ings and realm of application, has a long history. It was first introduced in 
the papers of [27], as a way of compactly deriving the soft pion theorems of 
Current Algebra, then fully developed for QCD with the inclusion of the tj' 
meson and the ?7a(1) anomaly in the works quoted in refs. [57] and [28]. A 
parallel road was opened by Symanzik [58] to deal with the lattice regularisa- 
tion of QCD, which turned out to be crucial for understanding the approach 
to the continuum of the lattice theory. 

The extension of these ideas to supersymmetric theories was first proposed 
in refs. [29,30], where the cases of A/" = 1 pure SYM and SQCD were consid- 
ered, and then expanded to a field of investigation of its own in [21,37,41]. 
Some review papers on the subject can be found in [59]. 

Effective actions for all the theories we have discussed in the previous 
sections have been constructed and many interesting results have been ob- 
tained. In the following we want to briefly review what was done with the 
main purpose of comparing with instanton results. 

5.1 The effective action of SYM 

The first step along the way of constructing the effective action, i^cir; describ- 
ing the low energy dynamics of a theory is to identify the degrees of freedom 
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relevant in the energy regime E <^ A, where A is the theory RGI mass scale. 

In the pure SYM case, where confinement seems to hold, the obvious degrees 
of freedom can be collected in the (dimension three) superfield 

S = ^T^iW^Wa) , (100) 

whose lowest component is precisely the gluino composite operator (41). 

The second step is the observation that the interesting piece of F^g^ 
is not so much its kinetic contribution (a _D-term which is non-holomorphic 
in S and reduces to the standard kinetic terms as g 0), but rather the 
F-term which provides the correct anomalous transformation properties of 
the effective action. In the present case it is enough and convenient to make 
reference to the Ufi{l) symmetry (see (536)) to fix the form of this term, 
which is often referred to with the name of "effective superpotential" in the 
literature. 

Recalling the J7h(1) transformation properties of the superfield S (see 
Table in Appendix A) 

S{x, e) e^'"S{x, 6ie-3'"/2) ^ (^qI) 
we are led to write for the full effective action the formula 

r!^;^^ = ^k^r (5, S*) + [Hfff^M (5) + h.C.] . (102) 

where 

r^^^^{s,s*) = k[{s*s)'/']^, (103) 

W!I^^ iS) = - [5( log - iV.)] ^ . (104) 

In the above equations we used the short-hand notation 

[(...)]^^ Jd'xd'0{...), = jMOA^i...). (105) 

The expression of r^^^{S,S*) in (103) is in no way unique. It is only an 

example of a functional having the property that (with a suitable choice of 
the constant k) it reproduces the standard form of the kinetic term in the limit 
g ^ Q. The other constant c cannot be fixed by symmetry considerations only. 
A way of determining its value will be discussed in Sect. 5.2. Equation (104) 
is the famous Veneziano-Yankielowicz effective action [29] . 

It is not difficult to prove that the second term in (102) has the desired 
transformation properties imder Ub{^) (see (537)). From (101) we get in fact 
(the x-dependence and the corresponding space-time integration is under- 
stood) 
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= j d?{ee-^^"''^)S{ee-^''''^) = Jd^es{e), (loe) 

• J d^eS{0)logS{x,0) e^'" J d^0 S{ee-^'"/^){3ia + \ogS{ee-^'''/^)) = 
= 3ia j d2(6»e-3W2)^(^g-3ia/2) d2(6»e-3*")5(6'e-^*") logS'(6ie-3W2) = 

= 3ia j d^e S{0) + j d^0 S{0) log S(0) . (107) 

Useful information about the non-perturbative properties of the theory can be 
obtained from the formula (102) by determining the values of S which make 
r^^^ stationary. These are constant field configurations which minimise the 
effective action. Thus they yield the values of the v.e.v. of the gluino composite 
operator (gluino condensate). From (102) one gets the result 

{S) = (c/1sym)'c2-'=/^^ , fc = 1, . . . , iVe . (108) 

If is identified with {Cn^Y^^" , then (108) becomes identical to (70). How- 
ever, in connection with the comments we made in Sect. 4.1, we must remark 
here that there is a discrepancy between the number given by the above iden- 
tification and the choice c = 1 made in refs. [23,31,59]. The latter can be 
justified in the framework of the SQCD effective action approach, if in con- 
junction with WCI calculations, certain consistency relations following from 
decoupling (see Sect. 5.2) are employed. 

A crystal clear way to resolve this puzzling discrepancy would be to arrive 
at an evaluation of the SYM effective action from first principles, i.e. d la 
Wilson-Polchinski [60]. Many efforts have been made in this direction and 
a lot of interesting results have been obtained [61] insisting on the role of 
anomalies [35,62] in the construction of the Wilsonian action. A different and 
perhaps more promising road has been recently undertaken which uses the 
matrix model formulation of SYM [63]. In this framework the form of the 
effective action could be derived [64, 65] and the result c = 1 was obtained. 

5.2 The effective action of SQCD 

For the purpose of extending the previous considerations to SQCD it is conve- 
nient to distinguish among the three cases Nc > Nf, Nc = Nf and Nc < Nf 
and separately discuss the massive and the massless situation. 



SQCD with Nc > Nf 



• The massive case 
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The generalisation of the previous formulae to massive SQCD is almost 

immediate if one includes among the degrees of freedom that describe the low 
energy dynamics of the theory also the composite operators (42) 

Tl = ^l{x)<i>l{x) . (109) 

Apart from the unessential (for this discussion) kinetic terms, one finds that 
the formula which extends (102) is 

r!^^lN,{S,S*;T,T*)= (110) 

w!^T.,N,{S;T)= (111) 

-^^^-(SS^^-^"^-"^^^^^-^"^'' 

As before, the constant c' cannot be fixed by symmetry considerations only. 
Wc will discuss the important issue of determining its precise value below. The 
minimisation conditions (also called J'-flatness conditions) allow to determine 
all the condensates and one finds 



(5)=e^(cMsQCD)^n(;7i^) ' k = l,...,N,, (112) 

^Ti)=5i^^^. (113) 



viz. the same results that were obtained in (89) up to the normalisation of 
the A parameter. 

Equation (111) has a number of nice properties. 

1) It is mathematically meaningful not only for Nc> Nf, where instanton 
calculations are feasible, but for any value of Nc and Nf, except Nc = Nf. 
Actually in the last case a further composite operator has to come into play, 
as already hinted at by the results of Sects. 4.2 and 4.2. We will discuss in 
detail this case below. 

2) It obeys the expected decoupling theorem in the sense that when one 
of the fiavours gets infinitely massive, (111) precisely turns into the effective 
action for the theory with one less flavour, in which that particular flavour 
is absent, provided the A parameters of the two theories, ^sqcd ^^'^ ^sqcd' 
are matched as described in Appendix D. 

3) The massive S field can be "integrated out", leaving a pure matter 
effective superpotential 



We recall the elementary formula dlog[detT]/dT/ = (T"^)). 
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= (^c -N,)( ^^^^^ ) + ^ ^^T}] ^ , (114) 

/ 

which coincides with the Affleck-Dine-Seiberg [21] effective superpotential. 
One has to remark, however, that the last formula is only meaningful for 

Ne > Nf. 



• The massless case 

The discussion of the massless case is quite delicate (and controversial). 
This is to be expected looking at the results of the dynamical instanton cal- 
culations presented in Sect. 4.2, which showed conflicting findings for the 
condensates when the massless limit of the massive results were compared to 
what one gets in the strictly massless case. 

Let us now see what are the implications of the massless SQCD effective 
action from using the formulae (111) or (114). If we start from (111), we con- 
clude that, when any of the masses is sent to zero, the gluino condensate must 
be taken to vanish for consistency with (112), while (113) docs not contain suf- 
ficient information to determine any of the scalar condensates (T^). If on the 
contrary all the masses are set to zero from the beginning, as was done in [31], 
and (114) is used, one must conclude that the scalar condensates run away 
to infinity as the potential generated by the massless effective action (114) 
monotonically decreases to zero in this limit. 



SQCD with iVc = Nf 

When Nf = Nc new composite operators can be constructed which must ap- 
pear among the fields of the effective action. They are the determinants, X and 
X, over colour and flavour indices of the matter fields, whose lowest compo- 
nents are shown in (74) and (75). The need for new field operators is confirmed 
by the observation that the action (110) does not contain a sufficiently large 
number of massless fermions to satisfy the 't Hooft anomaly matching condi- 
tions [41,44,59] associated with the non-anomalous Ujji^l) symmetry defined 
by (538) and (539) (see also Table in Appendix A). 

• The massive case 

The most general form of effective action is 

^SQCD^^^ 5*; T, T*-X, X) = r^i^^^{S, S*;T, T*;X, X) + (115) 

where f{Z) is a function of the ratio Z = XX/detT. For m/ ^ (all /) the 
stationarity conditions lead to the equations 
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detT 



logTI^TT— ^ + /(^) = 0, (116) 



mf6l = S[l-Z^]{T-^)>}, (117) 
odfiZ) X 



dZ detT 



0, (118) 



5M|)_4_=o, (119) 
dZ detT ' ^ ^ 



which have the solution 

{X} = {X)=0, (120) 
mf{Tl)=Si{S), (121) 

(detT)=e-/(°)c"(.lsQCD)''^% (122) 
a result with exactly the same structure as (89)-(91). 

• The massless case 

The massless case is, as usual, more subtle. Besides {S) = (as implied 
by the massless limit of the Konishi anomaly equation (121)), by varying the 
effective action with respect to S one still gets the constraint 



detT 
(cMsqcd)^ 



i"g ^2iv +/(^)-o^ (123) 



which (if f{Z) ^ 0) only fixes one combination of {X), {X) and (detT), leaving 
the other two undetermined. This can be interpreted as the equivalent of the 
statement that for Nf = and m/ = the perturbative flat directions are 
not (all) removed, so vacua with arbitrarily large values of these condensates 
can occur. The effective action vanishes at the minimum and one is only left 
with the constraint (123). 

The explicit form of this constraint was worked out in [41] with the con- 
clusion that the classical relation detT = XX is lifted by quantum correction 
to the formula 

detT -XX = (^sqcd)^'^^ . (124) 

This was the first example of a by now well known phenomenon (see Sect. 8) 
according to which the quantum theory can display a whole manifold of (de- 
generate) vacuum states where supersymmetry is unbroken. It is a complex 
Kahler manifold (often called the "quantum moduli space", M.) to which the 
point representing the classical vacuum not always belongs. We end this dis- 
cussion by noticing that the constraint (124) can also be derived by a massless 
effective action of the type (115) if one simply takes 



f{Z) = log(l - Z) . 



(125) 
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SQCD with Nf > 

In this case neither dynamical instanton calculations are possible (see our dis- 
cussion in Sect. 4) nor the general considerations of [31] apply. In principle 
one can imagine to go on with the effective action approach, guided by infor- 
mation on the relevant low energy degrees of freedom provided by the 't Hooft 
anomaly matching conditions. 

• For instance, in the case Nf = Nc + 1 the two baryon-like superfields 

Bf = eff^f^-f-^er,r....r.^^}\^}l ■ ■ • , (126) 
Bf = e//,/,.../,^e'-^'-— . ..§f-c . (127) 

must come into play in order to fulfill such conditions. They can combine with 
Tj^ to give the term B^T^Bh in the effective action. The whole expression of 
the latter can then be argued to have the form 



rnSQCD _ ^SQCD 
eff — kin 



dctr - BfT^Bu 



(^sqcd)'' 



(128) 



where hi = 3Nc — Nf = 2Nc — 1. As a consistency check, it can be shown that, 
if the Nf + 1-th flavour is given a mass and decoupled, then the situation we 
described in the previous subsection where we had Nf = Nc is recovered. 

It is interesting to remark that by solving the _F-flatness equations implied 
by the effective action (128), one finds that, unlike the case Nf = Nc, the point 
corresponding to the classical vacuum (Tf) = (B^) = (Bh) = belongs to the 
moduli space of the theory. At this point the (non-anomalous) symmetry of 
the classical action, SUL{Nf) x SUii{Nf) x Uv{l) x U^{1), is fully unbroken. 

• For larger values of Nf {Nf > Nc + 1, but smaller than 3A^C5 where UV 
asymptotic freedom is lost) the above formulae have an obvious generalisation. 
One introduces the chiral superfields 

%.../^. = J,/f=+^ . , (130) 

where, following [41], we have set 

Nc = Nf-Nc. (131) 

In terms of the operators (129), (130) and one may construct the effective 
action 

T^SQCD pSQCD I /-. oo\ 

-'eff --'kin + l-'-'^^j 



+ 



(^sqcd)' 



-hh.c. 
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where bi is the first coefficient of the /3-functioii of the theory. 

The trouble with this analysis is that neither the 't Hooft anomaly condi- 
tions are fulfilled, if only the above set of composite operators is considered, 
nor the superpotential has the correct quantum numbers to fit the anomalous 
symmetries of the theory. 

An inspiring and physically compelling interpretation of the situation was 
given in [41], where it was argued that the theory admits also a "dual" de- 
scription in terms of a SQCD-likc action with the same global "flavour" sym- 
metries, hence with quark fields and Qf (/ = 1, 2, ... , Nf), but with gauge 
group SU{Nc) with Nc = Nj — Nc. This conclusion follows from the observa- 
tion that the moduli space of the theory remains unmodified quantum mechan- 
ically for all values oiNf > Nc+1, at least up to A^/ = 3Nc. In turn this means 
that the classical vacuum at the origin (where all the expectation values of 
the composite fields which represent the degrees of freedom of the low energy 
theory vanish) preserves the original SUL{Nf) x SUji{Nf) x i7y(l) x U^{1) 
symmetry. Consequently in the dual theory there must necessarily be Nf 
quark fields, though coupled to a different gauge group. In this theory the 
operators (129) and (130) are interpreted as composite operators of the form 



An additional chiral, gauge invariant, supormultiplet, Afj' , is assumed to exist, 
which is necessary for matching the 't Hooft anomaly conditions. In terms of 
the above composite fields an effective superpotential can be written down. 
It reads MjQh. The relation between this theory and the original theory 
is referred to as "non-abelian electric-magnetic duality" (or more simply as 
"Seiberg duality") and indeed it can be argued to be a duality relation in 
the sense that the dual of the dual is the original theory with the quarks and 
gluons of one description interpreted as solitons (magnetic monopoles) of the 
other. 

Summarising, according to [41,59], we can briefly describe what happens 
to SQCD when Nf increases at fixed Nc beyond Ac + 1 as follows. 

- For A^c + 2 < Nf < 3Nc/2 the asymptotic particles of the theory are the 
the dual quark fields Q-^ and Qf and the mesons Mj?, which interact through 
an IR-free (6i = 3Nc — — '2Nf — 3Nc < 0) supersymmetric theory with 
gauge group SU{Nc)- This is how the SQCD theory we started with looks in 
terms of "magnetic" variables dual to the original "electric" variables (which 
are instead strongly coupled in this range of Nf values). 

- As soon Nf goes through the value 3Ac/2, the first coefficient of the 
dual theory /3-function changes sign and the theory is expected to flow to a 
non- trivial IR fixed point. This continues to be true for the whole range of 
values 3Nc/2 < Nf < 3N,.. Both the original and the dual theory can be 
argued to be conformal theories of interacting quarks and gluons (we remark 



^h-ffi, = ^rr...rff^Q}lQ'fl ■ ■ ■ Q f^^ ■ 



(133) 
(134) 
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that < Nf < 3Nc <^ SNcf^ < Nf < 3Nc)- However, as Nf increases 

the electric variables tend to become more and more weakly coupled and the 
opposite happens for the dual magnetic variables. 

- At Nf = 3Nc, where the original theory loses asymptotic freedom, the 
IR fixed fixed point comes to zero coupling. 

- For even larger values of Nf > 3Nc the original electric theory is an IR 
free theory of quarks and gluons. 



Normalising the SQCD and SYM effective action 

As we have seen, the interesting piece of the SYM and SQCD effective ac- 
tions can be fixed by symmetry arguments only up to a constant rescaling 
of their A parameter. We want to show in this section how, exploiting the 
self-consistency requirement implicit in the decoupling theorem, one can fix 
these constants, if at the same time a dynamical (e.g. instanton based) infor- 
mation is available. We will develop the argument along the line of reasoning 
advocated in refs. [23,31,37] and summarised in [59]. 

• The case of SQCD 

Starting from (114) with just one massive flavour, say the A''/-th one, 
we require that the effective superpotential of the theory with Nf flavours, 
namely 



= [iN.-NfHNf){ '''''^-^^^^^ '^ )^+m;v,Tiy]^, (135) 



V^SQCD.' 



goes over to the effective superpotential of the theory with one flavour less 
when mpff gets large after using (592). To simplify and clarify notations we 
have introduced the new constant r]{Nf ) = (c')3^<:~^//^<:^^/ with respect to 
what we had in (114) and we have attached the extra superscript Nf to the A 
parameter of SQCD in order to trace the number of "active" flavours in each 
theory. 

We now proceed to eliminate Tjy^ by using the i<"-flatness condition for 

T^J, which amounts to the stationarity equation dW^^^^ ^^^{T) / dT^^ = 0. 

We also notice that the analogous conditions for the T^^ and components 
imply the vanishing of their expectation value. After some algebra one finds 
that the r.h.s. of (135) becomes 



(viNf)) "-"/+^ (^e -Nf + 1)(^ 



detf 



(iVo--Ny: + l) 



(136) 



where detT is the matter determinant with the Nf-th flavour missing. Since 
the decoupling condition (592) implies 



42 



Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi 



m.rfA^^f^ \3Nc-Nf _ f ANf-l)^^3Nr.-Nf + l q7^ 
^Nf(yisQCI)) - l^SQCD ) ' \^'^') 

we see that the expression (136) becomes the formula for the effective super- 
potential of SQCD with Nf — 1 flavours if r]{Nf) satisfies the equation 

(7?(iV/))^^^ =77(iV/-l). (138) 
The most general solution of (138) is 

rj{Nf)=rj^, (139) 

with rjo a quantity which does not depend on Nj. The last observation is 
rather important as it can be exploited to simplify the calculation of t/o- In 
practice one can proceed in two ways. One is based on an explicit dynamical 
computation which was done in the WCI approach with the result rjo — 1 [21, 
31,45,46]. The calculation is performed in the especially simple case of SQCD 
with Nf — Nc — 1 flavours, where the SU (Nc) gauge symmetry is completely 
broken by non- vanishing scalar v.e.v.'s (see Appendix E). In this situation the 
theory is weakly coupled for sufficiently large v.e.v.'s, thus constrained [47] 
instanton calculations are expected to be fully reliable. 

The second strategy [37] consists in determining 770 by means of a self- 
consistency constraint that fixes the value of the gluino condensate in an 
SU{2)i X SU{2)2 gauge theory with matter in the (2,2) representation. The 
argument, which is quite elegant, exploits the knowledge of the effective su- 
perpotential of the theory, derived in [66], and confirms the result 770 = 1. 



• The case of SYM 

Already the result mentioned at the end of the previous section is telling 
us that the normalising constant, c, in (104) is to be taken equal to one, at 
variance with the direct SCI calculation which, if a factor A^^ = 2 is divided 
out, gave c = (see (70)-(63) and the discussion in Sect. 4.1). 

There are other similar indirect ways to determine c. An elegant one is to 
start from a pure M = 2 SYM theory with the addition of a mass term for 
the chiral (matter) superfield which breaks supersymmetry down to N = 1. 
Decoupling the massive multiplet by sending the mass parameter to infinity 
leaves behind a pure J\f = 1 SYM theory. The reason to reach A/" = 1 in this 
somewhat complicated way is that for the effective action of pure N = 2 SYM 
we have the beautiful SW formula [51] and a simple description of the theory 
in terms of low energy degrees of freedom (see Sect. 8). 

To illustrate the method we wish to present here a simplified adaptation 
of the original argument given in [38] . The starting point is the formula 



where for the SU (2) gauge group 61 = 3 x 2 and we have set 
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4:ni ■& 

A = /xe^'^^^^") . (142) 

We need to compute W;^^^ with its correct normalisation. In principle W;^^^ 
could be obtained from (104), after integrating out the S superfield. Precisely 
because at this stage the normalisation of the Af = 1 effective action is un- 
known, wc shall start from the well defined expression of the Af = 2 effective 
superpotential which in the relevant strong-coupling regime takes the form 

W^^^Ad, M, M) = V2MAdM + mU{AD) , (143) 

where the chiral superfields M, M describe the monopole multiplet and Ad is 
the dual Higgs superfield. In this regime the quantum modulus, U, is naturally 
expressed in terms of (and not of A). Solving the F-flatness conditions 
leads to the v.e.v.'s 

a..Mo)=0. (M) = («) = (-^^^LJ*. (144) 

In this vacuum configuration one finds 

W^=\0, (M), (M)) = mu{0) + ...= 



m 



(vlsw)' + ... = 2m«f2)' + ... , (145) 



where u{0) = {U{0)) = A^^ (as it follows from the known relation between 
a_D and u = {U) ^^) and Asw is the SW dynamical scale. In the last equality 
for the purpose of comparing with the rest of our formulae we have introduced 
the more standard Pauli-Villars scale (which we consistently used throughout 
this review) related to the former by the relation [37] ylp'^^ = Asw/V2- 

The last step of this quite elaborate argument consists in decoupling the 
matter superfield by sending m to infinity while keeping fixed the combination 
(see (592) and (67)) 

A<' = m^A^^^)\ (146) 
Inserting this relation in the last equality of (145) gives 



from which the equation 



W^=^ = 2A^ , (147) 



(J^A"nS)=.l3 (148) 



follows. This calculation again yields the so-called WCI result c = 1. 

1® We recall the SW formula an = ^ Hi dxj ^^-^ ", see Sect. 8. 
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Although, as we have developed the argument, this computation is enough 
to fix the normalisation of the effective potential for any number of colours, it 
would be nice to repeat a similar reasoning in the generic case of an SU{Nc) 
gauge group in order to explicitly check the Nc behaviour of the gluino con- 
densate. This issue is of relevance for the interesting question of relating non- 
supersymmetric QCD-like gauge theories with supersymmetric ones in the 
large Nc limit as proposed in the nice papers of [67]. 



5.3 The effective action of Georgi— Glashow type models 

A number of interesting results have been obtained in the literature [55,68] 
for supersymmetric theories with chiral matter. Here, for brevity, we will only 
discuss two specific cases 1) SU{6) with two matter superfields in the 6 and 
one in the 15 representation and 2) SU{5) with one matter superfields in the 
5 and another one in the 10 representation, as prototypes of two different 
typical situations, namely unbroken supersymmetry with well defined vacua 
and dynamically broken supersymmetry, respectively (see the corresponding 
discussion in Sect. 4.3). 

SU{6) with matter in 2 x 6 + r5 

The construction of the effective action of this theory requires, besides the 
chiral composite superfields (see (99)) 

c_ y W"Wc,, T = ei,j^l^iX''' , (149) 



327r2 

the real (vector) ones 

Rj = ^\e^9vm$J , g = XteWs)X. (151) 

The expression of the effective action which fulfills all the relevant anomalous 
and non-anomalous WTI's of the microscopic theory reads [55] 

^GG-SC/(6) ^\r^^^Q^ g.g + log ^ + log g + 



D 



+ 



TiWl + W^ + Slog—^ + hT + h'U + h.c. . (152) 



where £,r,^q are (in principle) calculable constants, tIgg is the RGI scale 
parameter of the theory and 

Wroc = -\d^R~'D„R, Wq„ = -^D^Q-^Do,Q. (153) 
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Despite its quite complicated form, the consequences of (152) are rather sim- 
ple. One gets for the v.e.v.'s of the composite operators (149) and (150) 

{S)k = {hh'Y'\AGGYc^^"''\ fc = l,2,...,5, (154) 
{T). = ^ , kU), = ^ , (155) 

in perfect agreement with instanton results and the constraints imposed by the 
Konishi anomaly equations. One finds that the discrete Z15 symmetry group 
is spontaneously broken down to Z3, leaving behind 15/3=5 well defined su- 
persymmetric vacua. As we noticed in Sect. 4.3 point (I), for non- vanishing 
value of the Yukawa couplings /i, h! supersymmetry is unbroken and the vac- 
uum states are well defined. Only when either h or hi go to zero and flat 
directions appear in the superpotential, some of the condensates run away to 
infinity. 



S17(5) with matter in 5 + 10 

This case is more interesting as the phenomenon of dynamical breaking of 
supersymmetry is seen to occur [68]. The construction of the effective action 
which fulfills all the anomalous and non-anomalous WTI's of the microscopic 
theory again requires the introduction of the two real composite (vector) su- 
perfields 

i?^,pte29V(5)<^^ Q = XVf^(i°)X. (156) 

Furthermore, besides the chiral composite operators (149) and (150), the chiral 
superfields 

must come into play in order to fulfill the 't Hooft anomaly conditions. Finally 

the requirement of the absence of flat directions in the microscopic theory 
implies a judicious choice of the invariant kinetic terms. An expression of the 
effective action which satisfles all the above constraints is 

pGG-S(7(5) 
eff 



i? + + 5**5 + 6 logi? + 6 logQ 

13 
GG 



D 



+ 



KiVF| + K2W3 + Slog-i3-+h.c. . (158) 



The minimisation of r'^^ SU(5) ^ ^jjgpj^^yg ^j^q phenomenon of dynamical 
breaking of supersymmetry. One flnds, in fact, that the minimum occurs at 
flnite non-vanishing values of all the condensates (with the exception of A 
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for which a vanishing result is obtained) and that at this point the effective 
supcrpotential is positive. 

It is interesting to look at the spectrum of the low- lying states that emerges 
from the analysis of the effective potential (158). Together with supersymme- 
try, a non-anomalous U (1) is spontaneously broken by the v.c.v. of Y . Another 
anomalous U{1) remains instead unbroken and its triangle anomaly is satu- 
rated by the composite fermion in A, which remains massless. The only other 
masslcss fermion in the spectrum is the Goldstino associated with the sponta- 
neous breaking of supersymmetry. The latter partially lies in the real vector 
fields R and Q. In the spin zero sector we find the massless Goldstone bo- 
son of the spontaneously broken U{1) mentioned above. Two more would-be 
Goldstone bosons are eaten up d la Higgs to give mass to the vector bosons 
belonging to R and Q. It is the fact that the Goldstino partially lies in the 
real supcrficlds R and Q that prevents integrating out their massive degrees 
of freedom, because if one does so the manifest supersymmetry of the effective 
action is lost. 

The overall picture that is coming out is completely consistent with the 
symmetry breaking pattern that emerges from the dynamical instanton com- 
putation of the Green functions with only insertions of lowest components of 
chiral composite superfields (see Sect. 4.3 point (III) 1.). 

6 A/" = 2 SYM: Introduction 

As shown in the previous discussion oi M = 1 SYM theories, the combina- 
tion of instanton calculus with holomorphy of the F-terms in the (low-energy) 
effective action proves to be very powerful in that it allows to determine non- 
perturbative corrections to the supcrpotential and argue for dynamical super- 
symmetry breaking in a class of models. Unfortunately the spectrum of bound- 
states in supersymmetric vacuum configurations, if present, depends not only 
on the F-terms, encompassing the supcrpotential and gauge kinetic terms, 
but also on D-terms, encoding the kinetic terms for chiral multiplets and 
their couplings to vector multiplets. £>-terms are determined by the Kahler 
potential K{^,$\V), a real non-holomorphic "function" of the (light) chiral 
multiplets and the vector multiplets, that in principle receives both perturba- 
tive and non-perturbative corrections 

The situation significantly improves for Af = 2 SYM theories, since the 
extra siipersymmctry relates what in the J\f = I description would be un- 
related, i.e. the Kahler potential, the supcrpotential and the gauge kinetic 
function [69] . This is true not only when J\f = 2 vector multiplets are present 
but also when one couples the resulting Af = 2 SYM to "matter" fields belong- 



For this reason the "exact" /3- function of [32] should be properly seen as an elegant 
way to hide one's ignorance of the anomalous dimensions 7 of chiral multiplets. 
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ing to so-called hypermultiplets, or hypers for short . A/' = 2 supersymmetry 

allows only {Af = 2) minimal couplings of hyper to vector multiplcts, coded 
in "tri-holomorphic moment maps" , and the hypers are known to have van- 
ishing anomalous dimensions [71]. The (low-energy) effective theory is thus 
determined by an analytic prcpotcntial J-', which only depends on the M = 2 
vector multiplets, and a choice of gauging of tri-holomorphic isometrics of 
the hyperkahler manifold described by the hypers [72] . Vector multiplets are 
"chiral" in the A/" = 2 description. In turn the analytic prepotential is known 
to receive only one-loop and non-perturbative corrections. In their seminal 
paper [51], Seiberg and Witten were able to determine the exact form of 
for pure Af — 2 SYM with gauge group SU{2) by a scries of elegant argu- 
ments based on electric- magnetic duality [73] . In a subsequent paper [74] they 
extended their arguments to the case of Af = 2 SQCD with gauge group 
SU{2) that arise after minimal coupling of Nf hypermultiplets belonging to 
the pseudo-real fundamental representation of SU{2). Later on, these results 
have been generalised to other gauge groups with hypers in various represen- 
tations both in the Coulomb branch, corresponding to turning on v.c.v's of 
scalars in vector multiplets thus preserving the rank of the gauge group, and in 
the Higgs branch, corresponding to turning on v.e.v's of scalars in hypers thus 
gcnerically reducing the rank of the gauge group. The possibility of having 
new and mixed branches has also been widely explored. 

Our aim is to first describe the structure oiAf = 2 SYM theories both at 
the microscopic level and at the macroscopic one, when they arc described in 
terms of Wilsonian low-energy effective actions. We then review the arguments 
of Seiberg and Witten leading to the identification of an auxiliary Riemann 
surface, i.e. a "complex curve" , encoding the complexified gauge coupling t in 
(the ratio of) the derivatives of its two "period" integrals, eventually arriving 
at the determination of in the simplest case of SU{2). We then discuss 
the non linear recursion relations satisfied by the coefficients of the instanton 
expansion following the work of Matone's [75] and check the consistency of 
Matone's relations and, thus, of the SW prepotential, with instanton calculus 
in sectors with K = \,2 [76]. In order to tackle the general case, i.e. arbitrary 
K and generic gauge group (with SU (iVg) in mind), one may exploit the "topo- 
logical twist" of Af = 2 SYM theories [77] that, combined with some "non- 
commutativity" parameter [78], in the form of the so-called J?-background, 
allowed Nekrasov and collaborators [79-82] to localise the integrals over in- 
stanton moduli spaces and compute recursively the expansion coefficients of 
the non-perturbative series. To this end we sketch these beautiful, but at the 
same time rather technical, mathematical arguments underlying the ADHM 

In fact it can even improve if the hypermultiplets belong to some special represen- 
tation of the gauge group, whereby the theory becomes exactly superconformal 
and thus UV finite so that the two derivative effective action does not receive 
any correction either perturbatively or non perturbatively. For instance, this is 
the case when one extra liypcrmultiplct is added that belongs to the adjoint 
representation, leading to the A/" = 4 SYM theory [70]. 
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construction. We then turn to the string description of the ADHM construc- 
tion and its ramifications [83,84]. The astonishing feature of string theory is 
that the sophisticated algebro-geometric ADHM construction becomes rather 
transparent and intuitive once D-branes and their open string excitations are 
taken into account [85,86]. In particular, (supersymmetric) gauge theories 
emerge as the low-energy effective theories governing the dynamics of stacks 
of D-branes [87]. In this setting instantons can be realised as lower dimen- 
sional D-branes within higher dimensional ones [83,84]. The structure of the 
ADHM data emerge naturally from the set of open strings connecting the 
various stacks of branes. Even Nekrasov's J7-background admits a natural de- 
scription in terms of the closed string graviphoton that couples to D-branes 
and their open string excitations [85,86]. Last but not least, the long sought 
for duality between gauge fields and strings turns out to emerge quite natu- 
rally, at least in the maximally supersymmetric case {J\f = 4 SYM), in the 
form of Maldacena's holographic correspondence [88-92]. We will return to 
this unprecedented achievement of string theory in Sects. 17-18. Here we only 
give a schematic description of how instanton effects can be computed within 
string theory in a particular double scaling limit [85,86]. 

7 AT = 2 SYM: generalities 

Af = 2 SYM theories admit two kinds of massless multiplets, both containing 
four bosonic and as many fermionic degrees of freedom. Vector multiplets are 
described by chiral Af = 2 superfields that comprise a vector boson, two Weyl 
fermions (the gauginos) and a complex scalar all in the adjoint representation 
of the gauge group. Af = 2 vector superfields will be denoted by A and their 
9 expansion schematically reads 

A{x, 0) = a{x) + ^^A?(x) + i^^a'^^^^^f + ... . (159) 

Higher order terms in 9"^ with r = 1, 2 can be expressed as derivatives of the 
lower ones. In terms of TV = 1 supersymmetry, a, Af = 2 vector multiplet can 
be decomposed into a vector superfield V and a chiral superfield both in 
the adjoint representation of the gauge group (see Appendix F for notation). 

Af = 2 massless "matter" appears in hypermultiplets that consist of four 
real scalars and two Weyl fermions (the hyperinos) , belonging to a real repre- 
sentation of the gauge group. In terms oi Af = 1 supersymmetry, they can be 
decomposed into a chiral superfield Q in an a priori complex representation R 
of the gauge group and a chiral superfield Q in the conjugate representation 
R. Among the massive representations, a special role is played by the 1/2 
BPS representations that are shorter than generic massive representations in 
that they only involve eight bosonic and as many fermionic degrees of freedom 
(see Appendix G for a brief explanation of this and related notions). Thanks 
to the relation between mass and "central" charge 
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M=\Z\, (160) 

1/2 BPS states are indeed annihilated by half of the supersymmetry charges. 

The structure of classical J\f = 2 SYM theories is tightly constrained by 
the large amoimt of (supcr)symmctry they arc endowed with. The most gen- 
eral two-derivative classical action is completely determined in terms of an 
"analytic" prepotential that is a priori an analytic function of the M = 2 
vector multiplets A and the complex coupling constant 



2^ + 7 



r=T^ + -^- (161) 



The M ~ 2 hypermultiplet dynamics is described by a non linear cr model on 
a hyperkahlcr space (see Appendix J). The coupling of A/" = 2 hypermultiplets 
to vector multiplets is minimal in that the vector fields "gauge" (make local) 
the global hyperkahler isometrics of the hypermultiplet metric that preserve 
the three Kahler structures 

a;^ = ^a;4.d5'Ad5^ (162) 

where wf^ = — c^Jj with / = 1,2,3 and i,j = l,...,4n^ are antisymmetric 
tensors such that dco^ = 0, where d denotes the exterior differential in field 
space, i.e. with respect to the scalar components of the hypermultiplets. 
In the simple case of constant wlj, writing j = / + 4r with / = 1, ...,4 and 
r = 0, rijj — 1, one can choose 

^f+4,rj'+4,r' = Vff'^rr' , (163) 

where rjjj^, are the 't Hooft symbols [2]. 

The effect of "gauging" (hyperkahler) isometrics can be elegantly expressed 
through the minimal substitution 

d^q' - D^q' = d^q' + gA^Ciq) , (164) 

where a = 1, n^,. A tri-holomorphic isometry generated by the vector field 
= 0x9/ dq^ satisfies 

£50;^ = L^^duj^ + d{L^^uj') = d(f.j„a;^) = , (165) 

where denotes contraction with the Killing vector field £,a{q)- As a conse- 
quence L^^u)^ = ^ tri-holomorphic Killing vector ^0(9) admits hyperkahler 
moment maps /i^(g) since locally C{q)uj(^{q) = djn{{q). The n{{q) may be 
thought of as some sort oi M = 2 auxiliary fields. In the Af = 1 notation, 
whereby a hypermultiplet with scalar components q-^ is described by two chi- 
ral multiplets with scalar components (j) = q^ + i(f and = q^ -\- iq'^, one 
has 
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f^ail) = Ma(9) - if^lil) = Fa{<f>^A^) ■ (166) 

Indeed the contribution of the hypermultiplets to the potential is exactly given 

by 

VH{q) = l5ijlmTa{a)t,i{q)t,i{q) . (167) 

Notice that except for the minimal coupling (164) and its A/" = 2 completion, 
entailing (167) and various Yukawa type interactions, there is no neutral cou- 
pling between the vector and the hyper multiplets. In particular, as indicated, 
the complexified gauge couplings Ta{a) can only depend on the lowest scalar 
components a of the Uy vector multiplets A. 

Quantum renormalisability drastically restricts the choice of !F{A) and 
^((j), or equivalently of /i((j). In the microscopic fundamental theory, J^{A) is 
at most a quadratic function of A, while Cail) ''^^^ linear in the g's, viz. 

C(9) = {TaYiQ' , (168) 

where are the generators of the gauge group in the (a priori reducible) 
representation spanned by the scalars in the hypermultiplets. Moreover the 
hyperkahler metric is flat, up to global tri-holomorphic identifications R^"//' 
(examples are the ALE spaces H'^/Fade where n = 1 and Fade is one of the 
Kleinian discrete subgroups of SU{2), in the ADE classification, see e.g. [93]). 
As a result the tri-holomorphic moment maps fJ,l^{q) are completclj^ determined 
in case of semi-simple gauge groups. When abelian factors arc present in the 
gauge group, one can add constant tri-holomorphic Fayet-Iliopoulos terms 
so that fiiiq) = fii{q) + Cl, where fiHq) is such that fii{q = 0) = 0. 

A different story applies to the Wilsonian effective action for the light 
(massless) modes that survive, i.e. do not acquire a mass after, partial or 
complete gaiigc symmetry breaking below the scale A [60]. Here A is the 
explicit cutoff in the Wilsonian effective action, such that all modes with 
mass or energy above this scale have been integrated out. It is not known 
how to explicitly perform this task, but the outcome of the "integrating out" 
procedure is severely constrained by symmetries and one can often "guess" 
the correct result to lowest order approximation, which is nothing else but a 
book-keeping of the relevant degrees of freedom and the symmetries of the 
theory. 

In addition to the Coleman- Weinberg [94] type logarithmic correction at 
one-loop 



M.B. would like to thank M. Bochicchio for first pointing out tfie important 
difference between the "non-local" IPI effective action, with an arbitrary number 
of derivatives, and the Wilsonian low-energy effective action, often considered 
only up to two derivatives. 
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^i_ioop(A) = ^fciA^log^, (169) 

where 61 is the P function coefficient, i.e. bi = 2Nc — Nf for SU {Nc) with Nf 
hypers in the fundamental representation, the prepotential can and in fact 
must acquire an infinite number of non-perturbative corrections. Indeed Af = 
2 supersymmetry prevents further perturbative corrections, but the one-loop 
term violates positivity of the imaginary part of the effective gauge coupling 

where a denotes the lowest (scalar) component of the chiral superfield A that 
describes the Af = 2 vector multiplet and has been defined in (159). 



8 Seiberg-Witten analysis 

In their seminal paper [51], Seiberg and Witten have shown how one can 
exactly compute the analytic prepotential J^{A) in the case of an SU{2) gauge 
theory without hypermultiplets. In another closely related paper [74] they 
have shown how to incorporate 2Nf half-hypermultiplets in the fundamental 
representation of SU (2), leading to a theory that deserves to be called M = 2 
SQCD. The case Nj = 2Nc = 4 is special since it corresponds to an exact 
quantum M = 2 superconformal theory. 

Clearly, in the Coulomb phase we are focussing on, higher derivative terms 
are generated by quantum effects with finite coefficients and are suppressed 
by inverse powers of the v.e.v.'s of the scalar fields. In the superconformal 
phase with vanishing v.e.v.'s the situation is much subtler. The relevant ob- 
servables are correlation functions of gauge invariant operators. The modern 
tool to tackle this interesting issue is the AdS/CFT correspondence proposed 
by Maldacena that will be discussed in Sects. 17-18. 

After briefly reviewing the arguments of Seiberg and Witten's, based on 
symmetries, monodromies and duality, we will describe how to check the result 
by (constrained) instanton calculus. 

As we already mentioned, classical M = 2 SYM admits an infinite tower 
of BPS saturated monopoles and dyons thanks to the existence of a complex 
scalar central charge Z in the M = 2 extended superalgebra. In the simple 
case of SU{2), they arc the supersymmetric analogue of the classical solutions 
found by 't Hooft [95] and Polyakov [96] and by Julia and Zee [97]. Indeed, 
we recall that the potential of pure M = 2 SYM, which reads 

y(a,at) = iTr([a,at]2), (171) 

has flat directions identified by the condition [a, — 0. Up to gauge trans- 
formations, this means that both a and belong to the Cartan subalgebra 
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generated by e.g. T3 = <T3/2. In modern terms one says the theory admits a 
one complex dimensional moduli space of classical vacua parametrised by 03 
or rather by the gauge invariant composite 

u = TV(a2) = ^4 . (172) 

Henceforth we denote aa by a for simplicity. Along the flat direction the 
gauge group is broken to U{1) and one automatically realises the Prasad- 
Sommcrficld condition ^"^ without the need of sending the scalar self-coupling 
to zero [98]. Monopole solutions that saturate the Bogomol'nyi bound 

Mm = \pToa\ , (173) 

where tq denotes the classical "complexified" coupling, that we have already 
encountered many times by now, and p is the magnetic charge, can be explic- 
itly constructed solving Nahm's equations [99]. Notice the striking analogy 
with the Higgs formula for the mass of a [/(l) M^-like boson with charge q 

M„ = \qea\ . (174) 

In fact one can do better and show that 1/2 BPS saturated dyons have a mass 
spectrum given by the formula 

=\qea + qma^\ = \Z\, (175) 

where we have introduced the notation = Toa and Z is the "central" 
extension of the J\f ~ 2 supcralgebra, that being central, i.e. commuting with 
all the remaining generators, has to be a c-number by Schur's Lemma [100, 

101]. In terms of the analytic prepotential J^{a) = tqc? jl H one is led to 

the identification 

a^ = — =TQa^ , (176) 

where the dots take into account quantum corrections to T(a) and thus to 
rip) = To + • • • . The exact (quantum) identification = ^ is tantamount 
to assuming that the classical formula (175) for the central charge retains the 
same form in the quantum theory, as strongly suggested by consideration of 
M = 2 supersymmetry. Actually, the formula \Z\ = \q^a + qm^Dl displays a 
remarkable symmetry under SL{2, Z) transformations acting on the electric 
and magnetic charges q and p. In fact under 

qe kqe + Iqm qm rnqe + nqm (177) 
Z is invariant if one simultaneously performs a "monodromy" transformation 

The Prasad-Sommcrfield condition of non vanishing scalar v.e.v. with zero poten- 
tial is usually achieved by setting the scalar self-coupling A to zero in the potential 
V{<fi) = \{(p^ — <po)^ while keeping \ip\ = \(po\ at infinity. 
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a ^ na— la^ —ma + ka^^ . (178) 

In this way a, are seen as components of a section of an SL{2, %) bundle 
over the moduh space of vacua parametrised by the gauge invariant compos- 
ite u, for which we write a = a{u),a^ = a^{u). This geometrical description 
implies that the components a = a{u) and a^^ — a^{u) undergo non trivial 
transformations, i.e. accjuirc non trivial monodromy, when one parallel trans- 
ports them as functions of u around some special points. As a result of their 
dependence of a = a(u), a^-, ~ aj^{u) on u, the complexified coupling that has 
been so far considered a function of a can be considered a function of u given 
by the ratio of the derivatives of (w) and a{u) through the chain rule 

r(a) = r(a(u)) = r(u) = ^ ^ ^ ^ ^ ^ 

du 

with ImT(u) > (for vacuum stability). Remarkably, at this point, the com- 
plexified effective coupling t(u) can be considered as the modular parameter 
(the "period") of an auxiliary torus, a Riemann surface of genus one. The lat- 
ter is also known as an "elliptic curve", i.e. a complex dimension one manifold 
whose periods are determined in terms of elliptic integrals. In fact determining 
this auxiliary elliptic curve, the so-called "Seiberg-Witten curve" , allows one 
to compute its periods from the equations 

and, after integration w.r.t. u, T{a) itself, since = ^^S^- 

In order to determine the SW curve one starts by computing the mon- 
odromy of the section (a = a{u),aj^ = aj^{u)) at infinity where the theory, 
being asymptotically free (6i = 2Nc = 4 for SU{2)), is weakly coupled and 
(see (169)) 

T{a)^'-aHog^ (181) 
with A the RGI invariant scale 

yl = Mexp(-87rV&i5^(M)). (182) 

In this way one gets 

2 

=jr'(a)« l[2alog-^+2a]. (183) 

Under u c^'^^u, one has a —a and —> —a^ + 2a. These considerations 
fix the monodromy of the section (a = a{u),a^ = aj^{u)) around the branch 
point at infinity. 

Perturbatively the other branch point of T{a) is at a, = 0. If this were 
the full story, the theory would be inconsistent since Imr could not possibly 
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be positive throughout the moduU space, being r holomorphic and thus Im r 

harmonic. Scibcrg and Wittcn argued that the non-abchan symmetry (a = 
0) is never restored at the quantum level and that this is consistent with 
assuming the existence of only two more singular points. They interpreted 
the singularities as due to the fact that some massive states become massless 
at each of the two additional singular points in the moduli space. In fact the 
two relevant states are a monopole {qe = 0,qm = and a dyon (g^ = 1, = 
— 1) In order to identify the location of these extra singularities, it is crucial 
to exploit a discrete Z4 symmetry of the quantum theory for Nc = 2 which 
is a remnant of the anomalous U{1)r subgroup of the U{2) R-symmetry of 
the classical theory. Indeed classically J\f = 2 SYM is invariant under global 
SU{2) X U{l)ii transformations under which the gauge field is invariant, the 
gaugini rotate as a 2i/2 and the complex boson is a charge +1 SU{2) singlet. 
The U{\)r symmetry is broken by the quantum anomaly that preserves a 
K4jv„ « Z2JVc X ^2 where the latter factor is fermion parity and the former is 
the above mentioned under which u — > — «. This is enough to completely 
determine the SW curve 

^sw: y^ = {x-'-A^){x^-u^), (184) 

which is indeed singular when u = ±A. A generic elliptic curve can be written 

as a double cover of the sphere = (x — xi)(a; — X2){x — x^){x — X4) with 
branch points at a: = x^. By the SL{2, (D) symmetry of the sphere one can 
always put three of the branch points at, say, 0, 1 and 00 so that the remaining 
complex parameter determines the shape of the torus (actually the ratio of the 
two periods). In order not to spoil the symmetry of quantum M = 2 SYM 
theory, it is however more convenient to fix only two branch points at, say, 
±yl (or ±1 after rescaling the variables). The remaining two branch points 
are set at ±m. When u reaches ±yl the curve (184) representing the torus 
degenerates, i.e. one of the two cycles and the corresponding period become 
zero signalling the presence of a singularity in the theory. 

The periods of f sw can be expressed in terms of elliptic integrals and after 
identifying the cycles that correspond to o^^iu) and o!{u) one can eventually 
compute T . 

Making more precise the above geometrical considerations, we can say 
that the vector (a^,a) is a section of a flat bundle over the moduli space 
parametrised by u with monodromy group -r(2) C SL{2, Z) generated by 

such that MiM-i = M^o- It can be checked that the monodromy transfor- 
mations of (Uj^, a) around ±A are indeed represented by the matrices M±i. 

This particular clioices of electric and magnetic charges simplify the notation in 
the following. Other choices are possible but require performing SL{2, Z) trans- 
formations 
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If the modular parameter r of ^sw were the ratio a^/o we would have 
completed our task, since a^-, and a would have coincided with the two "canon- 
ical" periods of the unique holomorphic differential do; = dx/y. However 
T = a'^{u)/a'{u) and this means that and a are periods of a meromorphic 
differential whose derivative w.r.t. u is the unique holomorphic differential dct". 
Seiberg and Witten identified the "natural" meromorphic differential dX{u) 
that prior to monodromy considerations is only determined up to a mero- 
morphic differential independent of u. Setting yl = 1 for simplicity, one finds 
that 

dA(w) ^ dx (186) 

is the unique differential that satisfies all the requirements, i.e. dA'(u) = du) 
and it is such that 

«b(w) = — / V^-p da:, a{u) = — V^— dx (187) 

have the correct monodromy when parallel transported around ±1 and oo. 
Consistently with the surviving TL^ symmetry, one can write 

T{(X) = ^pert(a) + ^non-pert(o) , (188) 

where 

-^pert(a) = :^tree(a) + -^l-loop(a) = -^O^ log (189) 

and 

.^non-port(a) = X! -^k^k ' ^^^^^ 

K=l " 

with the latter incorporating the contribution of instantons of increasing wind- 
ing number K . 

A few comments are in order here. First a = is excised from the moduli 
space, i.e. there is no value of u such that a{u) = 0. Second the singular 
points u = ±yl correspond to (u) — and (u) — a, respectively, and 
lie on the so called surface of marginal stability where Imr = 0. This is 
the locus where the lattice of BPS states collapses and transitions of the form 
\Z = Z1+Z2) \Zi) + \Z2) are allowed by both charge and mass conservation. 

The effective coupling 5^ (a) = 47r^/Imr(u) is always semi-positive definite 
and never grows too much. At large a this is due to asymptotic freedom. In 
the interior of the moduli space all charged vector bosons become extremely 
massive and the theory is essentially abelian. Near the singular points, one 
better switches to a dual magnetic or dyonic description whereby the abelian 
magnetic or dynonic photons are coupled to light monopoles and dyons. The 
effective coupling decreases with the renormalisation scale n in the IR until it 
reaches the value 



Although it does not look holomorphic, u is in fact holomorphic! 
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with m the mass of the hghtest charged state, be it a monopole or a dyon. 
As stressed above, these states are arranged in hypermultiplets. Due to the 
presence of light charged particles in hypermultiplets coupled to abelian vector 
multiplets, the dual magnetic or dyonic theory is different from the original 
electric theory, that only involved non-abelian vector multiples. Yet electric- 
magnetic duality led us for quite a long way. Only for A/" = 4 SYM and for 
other exactly (super)conformal invariant theories the dual magnetic or dyonic 
theory is expected to coincide with the electric theory 

Finally, at the singular points u = new branches of the moduli space 
open up where monopoles or dyons can condense, i.e. acquire a v.e.v., thus in- 
ducing (oblique) confinement of the chromo-electric charges and flux tubes due 
to the dual Mcissncr effect [103]. Adding J\f = 1 supersymmetric mass tcirms 
to the adjoint chiral multiplet induces dynamical chiral symmetry breaking 
and confinement in a controllable way. 



9 Checking the SW formula by instanton calculations 

Our next task is to check the SW prepotential against explicit instanton com- 
putations. A one instanton check is not enough because of ambiguities in the 
definition of A that can rescale it by a finite constant. The perspective for a 
two instanton check seems a priori daunting but the calculation turns out to 
be feasible [37, 76] . In fact one can do much better. Matone has shown that 
the coefficients of the SW prepotential satisfy non linear recurrence relations 
that can be checked to hold in instanton calculus [75] . Fucito and Travaglini 
have shown that multi-instanton calculus precisely reproduces the desired re- 
lations [76]. More recently the problem has been attacked once again in a 
beautiful series of papers by Nekrasov and collaborators [79-82] . Introducing 
suitable deformations parameters {Q background) one can localise the mea- 
sure over the multi-instanton (super)moduli space reducing the calculation of 
the Tk coefficients to a mere, though certainly not trivial, combinatorial prob- 
lem. We will have limited space to discuss this fascinating issue and we refer 
the reader to the original literature as well as to the accessible reviews [79 82] . 
We cannot resist saying immediately that the somewhat obscure deformation 
parameters introduced by Nekrasov admit a very natural explanation in a 
string setting for the problem whereby open string excitations of D-branes 

^® More precisely in these cases the duality maps the electric theory into a magnetic 
theory with the same action but dual gauge group [102], G* . The latter is obtained 
from the original gauge group of the electric theory, G, exchanging the role of the 
weight and root lattices. Therefore in the case of groups with simply-laced Lie 
algebras G and G* are isomorphic. For groups with non simply-laced algebras this 
is not the case and one has the following pairs, G <-» G*: SO{2n + 1) <-> Sp{ri), 
F4 ^ Fi, G2 ^ G'2. 
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account for the gauge and matter light degrees of freedom [83-85]. The Q- 
deformation is equivalent to turning on a background for a closed string state 
in the so-called "Ramond-Ramond" (R-R) sector, the graviphoton, effectively 
producing a non (anti-)commutative superspace [86], i.e. a superspace where 
the 9 variables do not anti-commutc very much like the x variables do not 
commute. From this vantage point, higher order terms in the deformation, 
receiving instanton corrections, are associated with higher derivative gravita- 
tional _F-terms that appear in the type II low energy effective actions after 
compactification on Calabi-Yau threefolds [104]. A similar approach for the 
calculation of the SW prepotential, based on localisation on the instanton 
moduli space, was proposed in [105]. 



9.1 Matone relations 



Exploiting powerful results in the theory of uniformisation of Riemann sur- 
faces, it was shown in [75] that the non perturbative coefScients in the expan- 
sion oiT{a) satisfy certain recursion relations known as Matone's relations. In 
order to achieve this result it is convenient to consider the auxiliary function 

a(a)=W-|^, (192) 
2 oa 

where T{a) is defined in (188) and consider the expansion 

K=0 ^ 

We will momentarily see that g{a) = u. The expansion coefficients Qk and 
!Fk are related by 

Gk = 2KJ^K , (194) 

for ii" 7^ while Qo = 1/2. 

As previously discussed, for SU{2) the moduli space is parameterised by 
u = Tr((/)^) and turns out to be a Riemann sphere with three punctures 
at ui = —A, U2 = A and U3 = oo with a symmetry u —u. We recall 
that (a^ (?i), a(w,)) is a section of a flat bimdle over the moduli space with 
monodromy group r{2) C SL{2,7L) generated by the three matrices M_i, 
M+i and M^o in (185) with M_iM+i = M^o- 

Using the obvious integrability of the differential 



M^(u) du = ada^j — a^da , (195) 

that being a complex function of the single variable u is necessarily an exact 
differential, one can define the auxiliary function 

/u 
dzWiz). (196) 
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This helps determining the behaviour of T under monodromy (modular trans- 
formations). In fact by integrating 

duT = a^dua = ^[du{a^a) - W{u)] (197) 

one finds 

J'{u) = -[a^a-g{u)\+To. (198) 



One can check that, under 



— > = ka^ — ma 
a ^ a = —la^^ + na , 

with kn — lm = 1, one has 

jF(a) = JF(a) + — [Ima^a — kla^^ — mna^] , (199) 

while Q{a), conveniently defined as above, turns out to be modular invariant, 
i.e. 

g{a) = g{a) , (200) 

since u and hence g{u) are invariant. By taking the ratio of a'^{u) and a'{u) 
and keeping in mind that u is invariant, one also finds that 

^^"^ = - ^ ^ ^^"^ - -dsT - -lr{a)+n ' ^'^'^ 

which is the; expected projective transformation of the complexified coupling. 

By uniformisation arguments, i.e. monodromy invariance and asymptotic 
behaviour at large a, Matone eventually showed that [75] 

g{a) ^ -iTTg{u)/2 = u. (202) 

The linear u dependence of g{u) is tantamount to saying that W{u) is a 
constant, independent of u. In fact W{u) = a{u)a'^ {u)~a^ {u)a'{u) is nothing 
but the Wronskian of the solutions of the second order differential equation 
satisfied by a{u) and a^{u), which in canonical (Schrodinger-like) form reads 

(l-.O^^4*(»)=0. (203) 

As a result of the uniformisation theorem of the moduli space of Riemann 
surfaces, Q{a) obeys a non-linear differential equation of the form 
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SO that the coefScients of the expansion (193) satisfy the sought for recursion 
relation 



1 



K-1 



JV=0 

K-1 L+1 "I 

- 2 ^ ^ d{L, N, K) Qk-l Gl+i-n Gn \ , (205) 



L=0 JV=0 



where 



c{N, K) = 2N{K -N-l)+K--l 

d{L, N, K) = [2{K - L) -1][2K -iL-l + 2N{L - N + 1)] (206) 
and Go = 1/2. The first few coefficients read 

15 9 
Gi = G2 = G3 = -^, (207) 

in perfect agreement with the results of Seiberg and Witten. Moreover since 
u = Q{a) using the asymptotic behaviour of G one can determine the constant 
value of W that reads 

2? 

W = a'^a-a^a' = —. (208) 

This relation is very useful in order to determine the "critical" curve where 
lm(ao/a) = 0. On this curve the lattice of BPS states collapses to a line, as 
already observed. 

9.2 (Constrained) instanton checks for K = 1,2 

Following Matone [75] , Fucito and Travaglini [76] have been able to check the 
non perturbative relation 

{Tr{<f>^Ma) = u{a) = G{a) = (^^(a) - f (209) 

for if = 1, 2 and show agreement with the SW prepotential. 

Using the relation between !F in (188) and G in (193), one finds 

„2 a4K 

{Tr{ct>')){a) = -- -Y^g^ . (210) 

^ K 

The calculation was carried out by making use of the ADHM construction, 

which we now briefly review in the SU{2) case [19]. In the ADHM ap- 
proach [19], the gauge connection is written in the form 
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A^{x)^U^{x)d^U{x). (211) 

The key observation is that U (x) is not a unitary SU (2) matrix but rather a 
{1 + K) X 1 "array" of quaternions, satisfying 

A\x)Uix)=0, (212) 

where 

A{x) = a + bx, (213) 
with X = xi^an the position quaternion. Self-duahty requires 

A\x)A{x)= f-^ (dl, (214) 

with / an invertible K x K matrix and 1 the 2x2 identity matrix. The 
projector on the kernel of A^{x), spanned by U{x), reads 

P{x) = U{x)U^x) = 1- AfA\x). (215) 

Gauge field zero-modes, that we here denote by a^, are orthogonal to the 
gauge orbit and can be parametrised as [20,76] 

a^{x) = U\x)[Ca^fb^ - bfa^C^U{x) , (216) 

with C a. {1 + K) X K "matrix" of quaternions satisfying 

A\x)C = {A\x)Cf . (217) 

These conditions reduce the number of independent (quaternionic) compo- 
nents of C from {1 + K) X K to {1 + K) X K - {K -1) X K = 2K, i.e. 8K 
zero-modes as expected for SU{2) instantons. Modulo symmetries, which are 
local SU{2) and global SO{K), the components of C can be identified with 
the fluctuations of A, SA, i.e. variations of the ADHM data, satisfying the 
self-duality condition 

{A + SA)^{x){A + 5A){x) = f-^ ^1 (218) 

if non linear terms are neglected. Since SA = C is linear in the gauge field zero- 
modes parametrised by C, one can identify zero-modes of the gauge fields with 
solutions of the linearised ADHM equations around a given self-dual solution. 
This is equivalent to identifying the bosonic zero modes as solutions of the 
equation S[Af^ + a^] — S[A^] up to cubic terms. One can similarly determine 
the fermionic zero-modes that in the case of A/" = 2 are as many as the bosonic 
zero-modes and are given by [20, 76] 

Ag = , (219) 
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with z = 1, 8. In the presence of flat directions of the classical scalar poten- 
tial, the constrained instanton method entails an expansion around a solution 
of the (approximate) coupled equations 

D/.F^"' = , £>V = (220) 

with boundary condition at infinity, (j) — » ^flat- For SU{2) (pnat = aa3/2i 
modulo gauge transformations. 

For K = 1, everything simplifies drastically. As discussed in detail in 
Sects. 2.3, 2.4 and Appendix B, the bosonic measure ("integrated" over 

SU(2)/'Z2) reads 

<iMB = ;i(H^)"^^. (221) 

Using the fermionic zero modes, that are not normalised, the fermionic mea- 
sure is given by 

Due to the presence of the scalar v.e.v., a, the classical action consists of 
various terms 

Sc\ = Sym + Sscsd + Sferm + Syuk + Spot ■ (223) 

After integration over the fluctuations of </> and (p^ around their v.e.v., the 
Yukawa couplings produce an additional (to ^harmonic) inhomogeneous term 
in (f) of the form 

Chom = V2[D-^]\e'>'''X^X,^ = , (224) 

where = ij" + x^a^^^a- The absence of zero-modes with "wrong" chirality 
leads to 

-5f ^d/jf _9_ ( 9^ 

'V2 V327rV. 



Svuk = a^at'^i^^ ( ) . (225) 



Moreover 
and we set 



5scai = 47r2|a|2p2 (226) 



A"" = /e-8' . (227) 
The explicit computation of u (the v.e.v. of Tr(0^)) then yields 



The attentive reader may notice that these are not tlie classical equations since the 
scalar induced source J" = 4)\D^4)) — [D^ 4)^)4) is being neglected. Exact topolog- 
ically non-trivial solutions in the presence of non-zero v.e.v. 's for the scalars are 
not known [106] . The standard approach, which allows to control the fluctuations 
around the approximate solution, consists in adding to the action a "constraint" 
on the instanton size. The resulting "solution" is thus known as a "constrained 
instanton" [47]. 
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/ fl2 X 4 
i4c / 5 



X / d*r;d^C ( ^ ) {^nY exp 



(228) 



Performing the integrations over the collective coordinates yields 



(<^>a)K=l = (229) 

in agreement with Qi. 

For if = 2, the (constrained) instanton calculus is more laborious. The 
off-diagonal component d of the lower sub-block of A is of the form 



d = ~{v2Vi - V1V2) , (230) 



where y = xi — a;2 = 2e and Xq = (xi + X2)/2, with xi and X2 denoting the 
two instanton "centers" and vi and V2 the two extra quaternionic collective 
coordinates. Similar restrictions as before apply to C = 5 A so that the off- 
diagonal component 7 of the lower sub-block of C is of the form 

^= ^{2dr] + V2yx-ViV2), (231) 

where 77, v\ and U2 are quaternions that parametrise the independent fluctu- 
ations of the fermions. Separating the four collective coordinates associated 
with translations, xq, and the four broken Poincare supersymmetries, rjQ, the 
relevant correlator reads 

{r<l^a)K=2 = ^J dSd4ed4ed'z^id^z^2 jy^'e-^---^-> X 

X J d^xod^r^o iVoVof F-,Fr (232) 



where 

'JbV^^ 210 \\e\^-\d\' 



JfJ TtS |t;i|2 + |t;2|2+4(|d|2 + |c|2) 

Performing all the many necessary integrations yields 



(233) 



6>a)K.. = -^^ (234) 



in agreement with ^2- 

Actually one can formally prove that Matone relations are satisfied by 
instanton calculus for any K [76]. 
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Another elegant approach to derive the SW prepotential from first princi- 
ples is based on the so called J\f = 2* theory. This is nothing else but J\f = 4 
SYM theory deformed by the addition of a mass M for the hypermultiplet 
in the adjoint representation, or equivalently the same mass Mi = M2 = M 
for two of the three adjoint chiral multiplcts in the J\f = 1 description of the 
A/" = 4 theory. Quite remarkably the hypermultiplet, H = {<?i,<?2}, appears 
quadratically in the microscopic action, 



and can be integrated out in a Gaussian fashion. One ends up with an effective 
action a la Wilson- Polchinski where M plays the role of an UV cutoff. The 
advantage of the approach is the UV finiteness of A/" = 4 SYM theory which 
persists after the inclusion of the J\f = 2 supersymmetric mass terms. The 
resulting low energy effective action is expected to coincide with the one re- 
sulting from the SW prepotential. As we said in Sect. 5, this has been partially 
checked by means of the exact Renormalisation Group in [61]. 

10 Topological twist and non-commutative deformation 

M = 2 SYM theories admit an interesting reformulation which goes under the 
name of "topological twist" [77] . Although the topologically twisted version is 
not fully equivalent to the original (dynamical) theory, some of the observables 
coincide. In particular, one can suspect that the analytic prepotential T could 
be one of these observables thanks to holomorphy. As we will see later on, this 
is not completely true. The topological theory cannot reproduce the logarith- 
mic term generated by one-loop corrections. Yet, a properly defined partition 
function of the topological theory captures all the non-perturbative correc- 
tions to T and more. Indeed, higher derivative "gravitational" F-terms can 
be reliably computed by means of its topologically twisted version if a suitable 
background inducing "non-commutativity" is turned on. After briefly review- 
ing the topological twist formalism, we will sketch the arguments leading to 
the derivation of .Fnon-pert from the topological partition function. 

The topological twist consists in bringing bosons and fermions to transform 
in the same way under the subgroup SU{2) l x SU{2) d C SU (2) l x SU{2)r x 
SU{2)i, where D stands for the diagonal subgroup of SU{2)ii x SU (2)/, which 
is not to be confused with the (Euclidean) Lorentz group SU{2)l x SU(2)r, 
since SU{2)i is part of the R-symmetry group U{l)xSU{2)i. Under SU{2)lX 
SU{2)£i the two Weyl gaugini transform as a four-vector, ipf^ G (1/2, 1/2), a 
singlet, ry e (0,0), and a self-dual tensor, S (0)1) j where, adhering to 
standard notation, (jl, jd) refers to the SU{2)l x SU{2)d spins rather than 




(235) 
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the dimension of the representation. Similarly the superspace variables dual 

to the eight supercharges arc 6 df^,d'^^,0, so that the chiral superfield ^ 
admits the newly looking decomposition 

^ = + e''VM + ^rrF^, + --- , (236) 

where 

r = . (237) 

The supercharge Q = e°''^Qar is a scalar and plays the role of topological 
BRST charge. In the topologically twisted version, which wc would like to 
stress is only a reformulation of = 2 SYM theories, the action reads 

Stop = JfaF + {Q,^}, (238) 

where \I/ = (pd^ip'^ + F^^x'^" + v[4>^ 4] is the "topological gauge fermion" . 
For hyperkahler manifolds, i.e. manifolds with three closed Kahler forms, 

the supercharges Q^,^ can also be exploited in order to perform the topological 
twist [77]. Nekrasov [81,82] proposed to also use or better deform Q to 

Qe = Q + EaV^^x'^Q'' , (239) 

where = ^K/"^ the six generators of the Euclidean rotation group 
5*0(4) and Ea are constant parameters. This allows to define equivariant 
forms 0{E) =J2p^piE) =EpE^^,...^^, jin,,^...,i,dx^' A...dx^^ such that 

Rn{E) = Q{R-^ER) (240) 

for any R e 50(4). Q{E) are naturally acted on by the equivariant exterior 
derivative 

AE = d + iv{E), (241) 
where lv{e) denotes contraction with the vector field V{E) = EaV^^,x^d^ , i.e. 

dE% = dQp + iv(E)^p ■ (242) 

As a result, acting with d^ on a p-form gcncrically yields both a (p+ l)-form 
dQp and a (p — l)-form iyi^E)^p- 

One can check that the topological observable 

O^(^) = / Q{E) A P(^) (243) 

is QB-closed iff i7{E) is "equivariantly" closed, i.e. iff dBi7(i?) = 0. For generic 
choices of E"' the set of equivariantly closed forms is empty. However one 
can consider E'' S 11(2)^^ C 50(4), where U{2)^ is the stability group of a 
"reference" symplectic (Kahler and thus closed) form 
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u) = dx^ A dx^ + dx^ A da;^ , (244) 

that by definition satisfies du = 0. In this way from the condition of equiv- 
ariance, that can be phrased in terms of the vanishing of the following Lie 
derivative 

Cv(E)^ = = d{iv{E)'^) + '-y(£;)dw , (245) 
it follows that, at least locally, 

iv(E)^ = d,i{E) , (246) 

or in other terms 

dE{u:- ii{E)) = {). (247) 

Decomposing /x(-E) along the four generators of the stability group U (2)^j, one 
finds 

h{x) = ijp = 6^,x^'x'' ii" = Y,'n%xi'x'' , (248) 

lJ.<v 

where ry^j^ are 't Hooft symbols. Since uj defines a complex structure one can 
introduce complex coordinates z\, Zi such that a; = dz\ A dzi + dz2 A dz2- We 
also define 

H = tiR{E) = ei\zi\^ + e2\z2W (249) 

where i^r{E) = i(ei + e2)/x''(z,z) + ^(ei — e2)l^^{z,z) is an arbitrary linear 
combination of the "real" moment maps, the complex part being = jJ-^ + 

■ 2 
Z/i . 

Relying on the equivariance properties of oj and H, one can define the 
generating function of Qfi-closed observables by the formula 



Z{a, e) = ( exp 



(27ri)2 L 



LO A Tv{(j)F + ^V' A V')- 
-\h{x)Tt{FaF) 



(250) 



where the suffix a denotes the dependence on the scalar v.e.v., a. Supersym- 
metry, which in this context is tantamount to topological invariance since Q e 
is a linear combination of the supercharges, guarantees a perfect cancellation 
of all perturbative contributions between bosons and fermions. As a result 
Z{a,e) is saturated by instantons, viz. 

Z{a,e) = Y,<l'^ZK{a,e), (251) 

K 

where q = exp(27rir). Moreover the presence of H suppresses the contribution 
of widely separated instantons and can be combined with w into 

H{x, 9) = H{x) + ^^uj^J^e"" . (252) 
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H{x, 9) represents a manifestly supersymmetric regulator for the holomorphic 
function J-'{a,, A), wlicrc the explicit presence of A as an argmnent is to denote 
the dependence of on the renormalisation group invariant scale. In turn 
the latter gets effectively replaced by !F{a, Ae~^). Indeed rescaling the metric 
of = (D^ by a factor A and taking the limit A ^ oo, only the last term 
survives in the partition function, since all the other terms are suppressed by 
inverse powers of A that appear in the propagators needed for the contractions. 
Taking into account that derivatives of H with respect to a;'* or, equivalently, 
Zi and Z2, are proportional to ei,2 one finds 

^(«- ^) = { 212^ L - " "'mtgir' } + -^l^) 

^}:F....(..A) + om (253) 



eie2 

where 

J^in^t {a, A) = H dH . (254) 

Equation (254) makes the analytic properties of Z and JF manifest. 



52j-(a,^e-^) 



10.1 Including Hypermultiplets 

In the presence of Nf hypermultiplets in the fundamental representation with 
masses ruf, a possible parametrisation of the SW curve is [107] 

.+ -^"^^(-)=P(.), (255) 
w 



where 



and 



Nf 

Q{z)=]l{z + mf) (256) 
/=i 



No 



P{z) = l[{z - ai) . (257) 
1=1 

The a;'s are related to the v.e.v.'s of the adjoint scalars belonging to the 
Cartan subalgebra and are such that a; = 0. The space of monic polyno- 
mials -P(z), i.e. polynomials where the coefficient of the monomial of highest 
degree is 1, so that the coefficient of the monomial of next to highest degree 
is 0, is — <C^''~^ and can thus be parametrised by the Nc — 1 variables 
Un = Tr(a"), with n = 1, Nc — 1. The latter are symmetric polynomials in 



In order to make contact with the parametrisation used previously one has to 
perform the transformation y = w — ^Piz) and set Q{z) to zero in the absence 
of hypers. 





/ z Aw 










2^, 


JBi w 
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the ai that can be identified with the N^ — \ Casimirs of SU{N^. The first 
two symmetric polynomials are 1 and U2 — X); '^1 equivalcntly, aiaii 
since Ylii '^i = 0- The relation between u„ and a; can be similarly determined. 
We now discuss how to determine the relation between «„ and the periods a; 
and af of the SW curve. 

In the perturbative region, where |a;|, jo:; — Q!„| ^ \A\, one can choose 
local coordinates 

°'i = W- i' —— (258) 

and 

where the Ai cycles encircle the cuts in the z-plane from the point aj*" to the 
point a;~ , where the points af are such that 

P{z = af) = ±2A^''-^^JQ{^^^). (260) 

Not all Ai cycles arc homologically independent since A; can be shrunk 
to zero. The Bi cycles go through the cuts from af to ctJi^_^^Q^ jv)- Once again 
Ri in homology. As a result, J2i ^ *i^f = on local patches 
one can introduce the prepotential J^{a; m, A) such that 

dJP(a;TO,/l) =^afda,. (261) 

J^{a; m, A) admits an expansion of the form 

J^{a; m, A) = ^pert(a; m, A) + ^inst(a; m, A) , (262) 

where ^inst(a; m, A) encompasses the instanton contribution, that can be com- 
puted by the localisation techniques outlined below, and 



J^pert(a; m, /I) = i ^{ai - avf log ( 
^ i^i' ^ 



ai - ai> 
A~ 



-J2ia,+m,rioJ^-i±pi) (263) 

encodes the logarithmic nmning of the gauge coupling with the mass scales 
at play. Indeed a; — a;/ are the masses of the VF-bosons and ai+nif are the 
masses of the charged hypermultiplets. 



10.2 Instanton measure and localisation for arbitrary K 

Following the ADHM construction [19], the moduli space Mk.n^ of K instan- 
tons in SU{Nc) with fixed framing (i.e. orientation in colour space) at infinity 
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is a 4:KNc dimensional variety and can be viewed as the hyperkahler quotient 
of the ADHM data (Bi, B2, /, J), where Bi^2 e ^ndiVK), I e }iom{WN,_,VK) 
and J G Hom(V/f , Wj^J, with respect to the action of U{K). The correspond- 
ing formulae 

Hc = [BuB2]+IJ = (264) 

and 

Mr = [Bi,Bl] + [B2,bI] + //t - Jt J = (265) 

are the celebrated ADHM equations [19] that indeed enjoy invariance under 
U{K) transformations. 

As a result M.k,Nc is neither compact in the UV (due to small size instan- 
tons) nor in the IR (due to the non compactness of IR*). 

Various compactifications of Mk,n^ have been proposed [108]. The Uh- 
lenbeck compactification A^^at corresponds to the construction of a hy- 
perkahler orbifold where the UV problem is cured by including point-like 
instantons, e.g. gluing subspaccs of the form Mk-i,n^ x K^, Mk-2,n,. x K.^, 
■Mk-s.jVc X IR^^ and so on. Alternatively, according to Nekrasov and Schwarz 
the singularities oi can be blown up to a smooth space A^^lve which 

includes "exceptional divisors" in place of the original singularities [79,80]. 
This blowing up relies on a non-commutative extension of the gauge theory 
that translates in the possibility of deforming the ADHM equations (264) 
and (264) to ^9 

/iR = CRlK, /ic= 0. (266) 
Deformed instanton calculus then boils down to computing equivariant vol- 
umes of A4^'^ , provided one uses in the definition of the integration measure 
the closed symplectic 2-form lifted from A^^w ' where the relevant sym- 
plectic form is the reference Kahler form. Since this symplectic form vanishes 
when restricted to the exceptional divisors it does not add contributions "ex- 
traneous" to the original "commutative" gauge theory. In order to localise the 
measure, i.e. reduce the integrals to contour integrals that are calculable by 
the residue theorem, it is convenient to consider the combined action of U (K), 
G = SU{Nc) /WiN^ and T^, the latter representing the maximal torus, i.e. the 
exponential of the Cartan subalgebra, of 50(4). The use of this combined 
action is instrumental in deforming the symplectic Kahler form w of by 

the moment maps /Ug = 6gA'^ lo^^^^^'^A^ , where A"^ collectively denote the 
ADHM data, and fj,T^ = CaX^ {¥^2)1-' cojkx'^ and in constructing an equivariant 
form that localises the integrals on point-like abelian instantons. 

The partition function over the compactified instanton moduli space reads 

Z{a,eue2;q) = ^q'' (f 1 (267) 
j(- J Mk 

In principle one can deform fic as well. But this deformation is irrelevant as it 
can always be eliminated by a non analytic change of coordinates. 
^° A symplectic 2-form is the generalisation of the familiar 2-form a; = dp, A dg' 
in phase space. 
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where q = e^'^*'^ and f 1 denotes the localisation of the integral to point-like 
instantons while a ~ (ai, ...jUj^J parametrise the Cartan subalgebra of G = 
SU{N^), i.e. EfJi a, = and ei, €2 are deformation parameters corresponding 
to the fi background, defined below. For the purpose of computing the integral 
it is convenient to rewrite the contour integral in the form 

Zk= f 1 = / exp(w + iiG{a) + jir^ (e)) , (268) 
J M.K J Mk 

due to topological BRST invariance. The non-perturbative contributions to 
the prepotential, but not the perturbative ones, are proportional to the loga- 
rithm of the topological partition function 



Z{a,ei,e2;q) = exp ( ^— ^noii-pert(a, ei, £2; ?) ] 



(269) 



as previously shown. Here we are only describing an efficient way to explicitly 
compute the contour integrals that yield Zk, the coefficients of the expansion 
of the topological partition function. Using localisation, one can indeed derive 
an explicit expression for Z(a, ei, £2; 5). Taking for simplicity ei = —€2 = h 
(the notation h suggests that some quantum non-commutativity is switched 
on as we will see!), one finds 

^7/ fc fc \ \ ^ \K\ TT (^mi ''r hiK^rn n ~ j -\- j — n) /n^r\\ 

Z(a, -.;,) = E ^' ' n ^-TKT^) ' ^'''^ 

where ami = o-m — o-i and the sum is over the "coloured" partitions of the 
instanton numbers among the abelian factors C/(l)^'^ of the Cartan sub- 
algebra of U{N^) 

K={K,,...,KnJ (271) 

with 

Kn = {-FSTn,! >Kn,2> - > K„,l„ > if„,i„ + l = ifn,i„+2 = • • • = 0} , (272) 

while the product in (270) is over 1 < m,i < Nc and n,j > 1. 

The theory can be enlarged by the addition of Nf hypermultiplets in the 
fundamental Nc + Nc* with masses mi,...,mjvj. The explicit expression of 
Z [tti, irif , h, —h; q) in this case becomes 

Zia., m„ n, -n; q) = ^(^^"^ H H + /.(i - n) ^ 

■K (m,n) 7=1 

^ TT ami + hjK^^n - Kj^j +j-n) 
, , ami + Hj-n) 
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10.3 Computing the residues and checking the instanton 
contributions 

In a remarkable paper, Moore, Nekrasov and Shatashvili [80] have indeed been 
able to reduce the computation of Zk in the JT-instanton sector to contour 
integrals of the form 



1 + d0,Q(0,) 



€2) 



1=1 

^ 11 (^2 2) (^2 2) ' ^^74) 

1<I<J<K ^^I-J i'^^IJ 2/ 

where the complex variables (pu = (pi — (pj can be thought of as entries of a 
KxK matrix, P{z) and Q{z) were defined before and the integration contours 
run along the real axis. 

The variables </>/, a; and €1,2 represent an infinitesimal deformation of the 
ADHM equations such that 

[Bi,cj)]=eiBi [B2,<t)]=t2B2 

-(j)I + Ia = - aJ + J(j)= -{ei + e2)J . (275) 

In the bases of the K dimensional vector space and the dimensional 
vector space W^,^ of the ADHM construction, where the KxK matrix (p and 
the A^c X -^c matrix a, representing the scalar v.e.v.'s, are diagonal, one has 

(</>7j + ei)Bi,/j = i4>ij + e2)B2,ij ^ 

{(t>i-ai)Ii,i = i) ((/)/ + ei+e2- a;) Ji,/ = 0. (276) 

The poles at (pu = ±61^2 should be avoided by deforming the contour or 
setting ei,2 £1,2 + iS. Similarly ai ^ ai + iS' in order to avoid the zeroes 
of P in the denominator. The origin of the poles at (pij = ±ei,2 can be 
understood by means of the Duistermaat-Heckman (DH) formula 



-/ 



where X^" is a symplectic manifold with symplectic form oj and /x is the mo- 
ment map of a "torus" action generated by ^ and represented by V^, that 
has fixed points P/ with "exponents" Wi[^](P/). In the case of AT = A^^^jv,, 
the relevant torus action, that consists of the geometric transformations that 
form an abelian group, is U(l)^'-^ C SUiNc) and [/(l)^ c U{2)^. Indeed 
U{1)^''~^ is the maximal torus of the gauge group, generated by the Cartan 
subalgebra and one cannot hope to get any larger torus action from the gauge 
group generators. Similarly U(l)'^ is the maximal abelian subgroup of the sta- 
bility group of the symplectic Kahler form and one cannot get anything more 
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from the Euclidean rotation group. For generic ADHM data, the deformed 

ADHM equations have solutions only in correspondence with the poles of the 
integrand, this means that 0/ and ^/j = (pi — are uniquely specified in 
terms of a;, ei,2 and P/. The last ingredient, HlLi '^^ DH formula 

can be related to the Chern character of the tangent bundle of A^^'jv^ the 
point Pf. 

Another important step in the computation of the contour integral is the 

classification of the residues in terms of Young tableaux Y = (Yi, YnJ, 
such that J2i l^d = ^- Indeed to each F; with < Ki < K boxes corresponds 
a partition 

Kis>---> Ki,n, > Ki,n,+1 = = • • • = . (278) 

Then the pole corresponding to a given Y is located at 

=ai + ei(r ~1) + 62(5-1), (279) 

with the integers r and s such that < r < and < s < -K';,r- 

In more physical terms the fixed points of the action of G x on the "re- 
solved" Mk^j^c correspond to U{Nc) non-commutative instantons that split 
into U{1)^'' non-commutative instantons such that the instanton charge K is 
split into K = Y^iKi with Ki in the Z*'* subgroup. The non-commutativity 
induced by the e-deformation prevents the instantons from coalescing one on 
top of the other. 

For a given Y the residue of the contour integral reads 

^(^) = ^ (280) 

N,. ni Ki,,. l.N,. rii ??,,„ 

TTTT TT Ti[,,[r-i) + ,2(,^-i)) X TT TT TT 

fiM M + 1) - ^Mr,s)){e2hi{r,s) - eh{r,s)) ^£Hp=i 

K,., K,„,p _ J^^^^-^ _ g2(s _ l)){aim + Cit - €2(8 - 1 - -fi'/.r))"'^ 



nn 

s=l t=l 



{aim + ei(i - m,p) - £2(3 - 1 - Ki^r)){aim + eii - £2(5 - 1) 



where e = ei + €2, aim = ai - am, iiir, s) = Ki^r - s, hi{r, s) = Ki^r + Ki^s - 
r — s + 1 and 

= o . ^^"X"'^ V • (281) 

Y{m^A^ + ('lm){z + ^ + aim) 

For future use it is convenient to define 

= (282) 



Young tableaux are sets of boxes. The number of columns is Nc for U{Nc). Start- 
ing from the first column the number of boxes should not increase. Boxes in 
the same column correspond to antisymmetrised indices. Boxes in the same row 
correspond to symmetrised indices. 
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in terms of which the first two coefficients of the instanton expansion of the 
topological partition function are given by 



Zi = 



eie2 

i 



(283) 



(eie2)2 



and so on. Using the known relation between the topological partition function 
and the non-perturbative contribution to the holomorphic prepotential (190) 

one gets 



(284) 



and so on. Formulae tend soon to become unwieldy but Nekrasov has been 
able to check agreement with previous results for the holomorphic prepotential 
up to five instantons [81,82]. The consistency among various independent 
approaches confirms the correctness of the result for the SW prepotential. 



11 (Constrained) instantons from open strings 

One of the most astonishing features of critical strings is the presence of a 
massless vector boson in the open string spectrum and of a massless sym- 
metric tensor in the closed string spectrum. The latter can be interpreted as 
the graviton. The former can be interpreted as the photon in the abelian case 
or as a gauge boson in the non-abelian one. Originally, a Yang-Mills group 
was introduced ad hoc through Chan-Paton (CP) factors. They respect the 
cyclicity of the Veneziano amplitude [109], that requires insertions of open 
string vertex operators on the boundary of a disk. In modern terms the group 
theory structure emerges from certain configuration of Dp-branes (D stand- 
ing for Dirichelet, p for the number of spatial dimensions of the brane), i.e. 
hypersurfaces where open strings can end [110]. 

In the supersymmetric case, i.e. after GSO projection, the low-energy 
world-volume dynamics of coincident Dp-branes is governed by the di- 
mensional reduction from d = 10 to = p -|- 1 of the J\f = 1 SYM theory 
with gauge group U(Nc) [111]- In particular, p — 3 corresponds to the cele- 
brated A/" = 4 SYM in d = 4, some (non-)perturbative properties of which will 
be discussed later on. Prom a macroscopic view-point Dp-branes are 1/2 BPS 
solitons of type II or type I supergravities, in that they preserve one half of the 
supersymmetries of the parent theory. Configurations with different kinds of 
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Dp-branes are generically non supersymmetric except for very special choices 
of cmbeddings, i.e. dimensions and orientation of the various brancs w.r.t. 
one another. For our purposes of relating strings to instanton calculus, it is 
crucial that a configuration with K D{p — 4)-branes lying within a stack of 
Nc Dp-branes, i.e. such that the brancs have p — 4 dimensions in common, 
preserves 1/4 of the original supersymmetries. In fact this configuration is a 
"bound state" at threshold [111], i.e. the mass of the bound state is the sum 
of the masses of the constituent brancs. Moreover the D(p — 4)-brancs have all 
the right to be considered as a "gas" of instantons within the Dp-branes [83]. 

We will exploit the fact that D(p — 4)-branes behave as a gas of instantons 
within the Dp-brancs for the case p ~ 3 that corresponds to A/" = 4 SYM 
and will indicate how to get instantons in gauge theories with less or no 
supersymmetries. We will also discuss how to tune the parameters, i.e. the 
string tension T = Xjlixa' and the string coupling (related to the v.e.v. of 
the massless scalar dilaton) in order to decouple heavy string modes. We will 
not consider the cases p ^ 3. 

In the presence of D3 and K D(— l)-branes there are three sectors of 
the open string spectrum. Strings that start and end on D3-branes provide 
the U{Nc) gauge fields and their superpartners. Strings that start and end on 
D(— l)-branes yield U{K) non-dynamical (background) gauge fields and their 
superpartners. Together they provide a subset of the (super) ADHM data, 
e.g. the center of mass xcm = J2i MiXi/ J2i -^i) where Mi are the masses of 
the brane constituents, and global SUSY parameters. Strings that start on 
D3-branes and end on D(— l)-branes or that start on D(— l)-branes and end 
on D3-branes provide the remaining (super) ADHM data. 

Suppressing CP factors for the moment, the vertex operators for gauge 
bosons, that belong to the Neveu Schwarz (NS) sector, read 

Va = Auipp^e-'^e^P-'' , (285) 

where X'^" and f*^, with M = 0, ...,9, denote the bosonic and fermionic 
string coordinates, respectively, and the superghost boson. BRST invariance 
requires p^ = and p • ^(p) = 0, which is the form that the linearised Yang- 
Mills equations for A^^(p) take in the transverse gauge. Vertex operators for 
gauginos, belonging to the Ramond (R) sector, read 

Va = yl"(p)S'„e-^/2e*f-^ , (286) 

where Sa, with a = 1, ...16, is a chiral spin field that creates a cut for if'*^, 
i.e. a line connecting two branch points of the polydromous fields . This 
means that the Operator Product Expansion (OPE) of ^'^{z) with Sa{w) 
contains half integer powers oi z — w. BRST invariance requires p^ = and 
p • rabA''{p) = 0, which is the massless Dirac equation for A''{p). 

After reduction to d = 4, relevant for D3-branes, the gauge bosons in 
d = 10 yield gauge bosons A^i as well as six real scalars A; = (^j. The d = 
10 gauginos yield four Weyl gauginos and their antiparticles ^4^. The 
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structure of the on-shell effective action can be extracted from the knowledge 
of the scattering amphtudcs on the disk with D3-branc boundary conditions. 
In the low-energy limit, a' ^ with the Yang-Mills coupling g"^ = 'ings fixed, 
the effective action coincides with Af = 4 SYM theory. 

After reduction to d — 0, relevant for D(— l)-branes, also known as D- 
instantons, the gauge field vertex operator Va defined above yields 10 non- 
dynamical "fields" , i.e. matrices whose dynamics is governed by an action in 
dimensions. Due to the breaking of the (Euclidean) Lorcntz symmetry 5*0(10) 
to 5*0(4) X S*0(6) in the presence of D3-branes, it turns out to be convenient 
to split the ten "gauge bosons", om, into four gauge bosons, a^, and six real 
"scalars", Xi- Similarly, the c? = 10 gauginos, Va, produce four non-dynamical 
Weyl "gauginos", 0^, and their antiparticles, 0^. The structure of the on- 
shell effective action can be extracted from the scattering amplitudes on the 
disk with D(— l)-branc boundary conditions. In the low-energy limit, a' — > 
with the zero-dimensional Yang-Mills coupling g^ = £fs/47r^(a')^ fixed, the 
effective action for the low lying excitations of the D(— l)-brane reads 

iSi3(_l) — Scuh + ^quart , (287) 

where 

5cub = ^ Tr^ f Oact^K, e^] - ir|^^0A[x^ Ob]- 

-lr\BOA[x^,OB]^ , (288) 

with Tr^ denoting the trace in the if-dimensional representation of U{K) 
and 

Vart = A Trif ([a^, a.]K, a"] + 2[a^, Xi]K, x1 + [Xi, Xj][x\ x']) ■ (289) 

In what follows, it is crucial to replace 5quart with a cubic action S'^^y^, through 
the Hubbard-Stratonovich procedure, that entails the introduction of auxil- 
iary fields Xfj_,y, Y^i and Zij. Their vertex operators, bilinear in the fermions 
^'s, are not BRST invariant and a priori one should not insert them as ver- 
tices in scattering amplitudes. Nevertheless, three-point amplitudes with one 
auxiliary field insertion are consistent and yield the correct interactions, be- 
cause the BRST non invariant part decouples. In the end one replaces «Squart 
with 

= ^ Trx (^X^.X'^'^ + Y^,Y^' + \z,^Z'^ + 

+ x^,K, + 2y^iK, xi + Zii\x\ X^]) • (290) 

We now pass to consider open strings connecting D3-branes to D(— 1)- 
branes. Vertex operators in this sector involve TL^ bosonic twist fields, oi^^^. 
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because one is changing the boundary conditions of the four (Euclidean) 
"spacetime" coordinates from Neumann (D3) to Dirichclct (D(— 1)). Twist 
fields are local conformal primary operators that generate a cut in the bosonic 
coordinate field X very much like spin fields, already encountered above, gen- 
erate cuts in the fcrmionic coordinates tf^. In the canonical superghost picture 
g = — 1 for bosons, the vertex operators read 

y^-i) = w^SC'^e-'^TK^N^ , Vt^^ = w^EC"e-^T^^,K , (291) 

where S = ""(m) ^ bosonic twist field of dimension 1/4 = 4x1/16 and 

C" is an 5*0(4) spin field of dimension 1/4. T^^.k denote the K x A^,, Chan- 
Paton "matrices". The supersymmetry partners, in the canonical q = —1/2 
picture for fermions, have vertex operators of the form 

yJ-i/2) ^ ^^rC^e-^/^r^.Tv. , Vt'^^^ = D^'SCAe-^/^TN^^K , (292) 

where Ca is an 5*0(6) spin field. 

Computing amplitudes on disks with mixed boundary conditions allows 
one to extract the effective action for the "twisted" sector. Defining the KxK 
matrices 

= (wa'^w),,, , (293) 

the action that governs the dynamics of the light modes (or moduli) of the 
system of D(— l)-branes in the presence of D3-branes, takes the form 

<Stwist = ^ Tr^f ({wai^^ + v^wi,)e\ - XaW + 

+ \xiT\By^y'' - %«^"«^dx') , (294) 

where we have set X^^ = Xafj'^i, + XaV^v^ so that the three components Xa 
actually decouple because rj'^ufj'^^ = 0. 

Combining with the previous terms and rcscaling appropriately the fields, 
so as to get a non-trivial field theory limit, one finds for the complete action 
that governs the dynamics of the light modes (or moduli) of the system of 
D(— l)-branes in the presence of D3-branes 

•^moduli = <5cub + ^'cnh + "^twist • (295) 

One can check that 

a;;; = Trx(a^) and 61^^ = TrK(0"'^) , (296) 

drop from the action, while varying w.r.t. Xa and O^ yields the super ADHM 
equations. The latter consist in iK x K real bosonic equations 



^^" + «C.K,a^] =0 



(297) 
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that, taking into account U{K) invariance, impose AK x K constraints on 
the ADHM data which implement the hypcrkahler quotient, and 8K x K 
fermionic constraints (for A/" = 4 supersymmetry) 



w^9'^ + v^iv& + [0"^, a^]a^^ = , (298) 

that reduce the number of independent fermionic zero modes. These ingredi- 
ents, i.e. the constrained ADHM superdata encoded in the various open string 
vertex operators and their interactions encoded in the scattering amphtudes, 
are sufficient to reconstruct the classical super instanton profile as well as to 
compute instanton contributions to correlation functions. In particular 



(299) 



where ?7^°^ is the "amputated" vertex operator 

[/ W (-p) = 2i{dX^ - ip ■ ^^^)e-'P '' (300) 

in the q = superghost picture. After Fourier transforming to x space one 
obtains 

A';:^\x;w,w) = J -^4-t(p;w,,w))e^f- = 

jx - Xq) 

{x - xoY 



{w(JaW)^^^^y^^ , (301) 



which should coincide with the asymptotic behaviour of the unconstrained 
instanton at large distance in the singular gauge. Indeed, focussing on X = 1 
and Nc = 2, if one sets 2p^ = ww by a global SU{2) rotation, one finds 

A;,-'>«(x; p) ^ 2pX.j—^, , (302) 

\X Xq J 

which is the large distance term in the expansion of the celebrated BPST solu- 
tion. To make contact with (1) one clearly has to extract a factor g from (302). 
Higher order terms in = ww/2 are sub-dominant at large distances and are 
anyway determined by solving the YM equations with the given asymptotic 
behaviour. By similar methods one can compute the classical asymptotic pro- 
files of the other elementary fields (gauginos and scalars) that involve the 16 
supersymmetry (8 Poincare and 8 superconformal) parameters broken by the 
D-instanton but preserved by the D3-branes (in the near horizon limit). These 
profiles enter the computation of instanton contributions to amplitudes. 

One can then embark in the computation of instanton dominated cor- 
relators. Denoting by Uo{p) the unintegrated open string vertex operators 
corresponding to the SYM fields 0{—p), one schematically has to compute 

(Oi(pi)...0„(p„))|?-^-t= (303) 

= j dM{{UoA-Pi))v(M)-{{UoA-Pn)))viM)e-^^^'> ■ 
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The simple "product" form of the integrand is due to the fact that the am- 
plitude is dominated by disconnected disks with mixed boundary conditions 
'D{M.) obtained by inserting the non-dynamical (super)moduli fields, which 
must include at least the 16 exact fermionic zero-modes. This is the most in- 
teresting part of the string construction of instantons. We have only devoted 
few lines to it because, once the "super-instanton" profile has been generated 
and the "supermoduli" have been correctly identified, one can repeat word by 
word what has been pedagogically said and carefully done in the discussion 
of A/'= 1 SYM. 

11.1 A/* = 2 SYM from open strings 

There are various ways to realise d = 4 = 2 SYM in string theory. The 
easiest way is to put a stack of D3-branes at an orbifold point let us 
say the origin of R^/r, such that the holonomy group '^^ is a discrete 
subgroup of SU{2) of dimension r. As discussed in [93, 112], in the context 
of ALE instantons in string theory, there are essentially two kinds of branes 
one can consider. Regular branes are those that transform in the "regular" 
representation of F, i.e. the (usually reducible) representation of dimension 
r = nf equal to the dimension of F . For instance for the cyclic group K„, 
the regular n-dimensional reducible representation is simply the direct sum 
of the n one-dimensional irreducible representations. The D3-branes can be 
moved away from the orbifold point, where the curvature is concentrated, to 
the fiat bulk in such a way that the r images in the covering space actually 
correspond to one physical brane in ^ /F. There can be other branes that 
transform imder smaller (irreducible) representation of F , e.g. any of the n — 1 
non trivial one-dimensional irreps of Z„, and are called "fractional" branes 
in that they carry fractional R-R charge in IR^/r', corresponding to integer 
charge in the covering space. Branes of this kind cannot be moved away from 
the orbifold point and give rise to gauge theories with lower supersymmetry 
than branes that can be moved into the flat bulk (here "moving" has exactly 
the same meaning as above). In orbifolds the curvature is concentrated at 
the singularity. If a (stack of) branes is displaced from the singular (orbifold) 
point and placed in the bulk, the effective field theory governing the dynamics 
of the light modes enjoys A/" — 4 SUSY. 

For definiteness, let us consider the case of r' = S„ C SU{2), correspond- 
ing to the A-series in the ADE classification of discrete subgroups of SU{2) 
and thus the case of ALE instantons, see e.g. [93]. The regular representation 
is n-dimcnsional and reducible. One starts with n stacks of branes each. 

Another possibility is to consider intersecting branes or brane with internal mag- 
netic fluxes preserving M = 1 supersymmetry. Other configurations are possible 
in M-theory, e.g. by wrapping M5-branes around Riemann surfaces producing SW 
curves, etc. 

If the holonomy group F C S(7(3) one has = 1 SYM, when F = \ (trivial 
holonomy group) one has A/" = 4 SYM. 
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The reduction of SUSY from A/' = 4 to A/' = 2 is achieved by truncating the 

parent theory with gauge group U{nNc) to the sector which is invariant under 
the action of The natural action of Z„ C SU{2) on the gauge fields and 
complex scalars is given by 

Af_, ^ , 03 (/)3 , 4>l Uj4)i , Cj)2 LJ(f)2 , (304) 

where w = exp(27ri/n). Furthermore Z„ is taken to act on the gauge group 
U (nNc) via a discrete Wilson line 

W^reg = (l„,„,u; 1„,„, . . . J , (305) 

in such a way that 

T" ^ WT^W-^ . (306) 

Taking into account the combined action of Z„ in (304)- (306), one concludes 

that the condition W (PW"^ = oj,p<P, where <P collectively denotes the (bosonic) 
fields, truncates the theory to one with a vector boson and a complex scalar (j)^ 
in the adjoint of U{Nc)" and two complex bosons ^1,2 in the bi-fundamental 
of adjacent C/(A^c)'s- Since we have chosen precisely Z„ C SU{2), out of the 
16 supersymmetry parameters associated with the A/" = 4 Poincare super- 
symmetry, 8 are invariant and generate the Af = 2 Poincare supersymmetry. 
Indeed the (2^,4) and (2/f,4*) spinors (that arise from dimensional reduc- 
tion of the 16 of A/" = 1 SYM in d = 10) give rise to (2^, 2, 1) and {2r, 2, 1) 
spinors that are invariant under SU{2)h as well as to (2^,, 1, 2) and (2^^, 1, 2) 
spinors that are not invariant imder SU{2)h. The resulting M = 2 Poincare 
supersymmetry implies that each of the above bosons is accompanied by its 
fermion superpartner that promote the theory to A/' = 2 SYM coupled to 
hypermultiplets in the (Ni,N*_|_]^) © (N*,Ni+i) representation. The one- loop 
beta function of SU^NcY turns out to be zero, because 2Nc — 2Nc = 0, while 
the U{1) C U{Nc)" are IR free (as for any abelian gauge theory coupled to 
charged matter) and thus the U{1) vector multiplets decouple at low ener- 
gies. One is dealing with an exact Af = 2 superconformal theory in the IR. 
In fact, one can turn on v.e.v.'s of the adjoint scalar (Coulomb branch) or of 
the bi- fundamentals (Higgs branch). The former generically breaks the group 
to U{1)"^'', the latter to U{Nf,)dia,g realising the expected simultaneous mo- 
tion of the n stacks of A^c branes away from the fixed point into the bulk, 
where supersymmetry is enhanced to A/" = 4, since the hypermultiplets in 
the bi-fundamentals produce the extra adjoint of U{Nc,)dia.g needed to pro- 
mote a Af = 2 vector multiplet to a A/^ = 4 vector multiplet. The diagonal 
U{1) C U{Nc)dia.g is free and corresponds to the center of mass motion of the 
bound state of the various stacks of D-branes. 

If instead of choosing the "regular" embedding of Z„ in U{nNc) one takes 
another representation for W , one gets non superconformal theories that live 
on fractional branes. In the extreme case where W = Wk with 



(307) 
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and oj = e^'^'/" for any k = 1, ...,n — 1 one gets pure A/" = 2 SYM with 

gauge group U{M) where Ad is not necessarily a multiple of n, i.e. M ^ 
nNc generically. Fractional branes are stuck at the fixed point, conventionally 
put at the origin of ]R®/Z„ and cannot move away from it. Referring to our 
previous notation, out of the six real (piS only two (one complex), (f) and 
(f)^ , survive the orbifold projection. The precise linear combination of the six 
original real scalar fields is determined by the choice of the embedding of 
SU(2) into the rotation group of IR^ 50(6) ^ SU{A). Similarly out of the 
four gaugini only two survive the projection, i.e. the ones that are singlets 
of SU{2) D r and transform as a charged doublet under the SU{2) x U{1) 
subgroup of 5*0(6) ~ S'J7(4) commuting with F. The complexified gauge 
coupling of the surviving M = 2 SYM theory with gauge group U{M) is 
determined by the closed string background, i.e. the v.e.v.'s of the so-called 
blowing up modes of the orbifold fixed point. The blowing up modes are 
nothing but twist fields for the closed string coordinates, this means that the 
OPE of the bosonic coordinates X{z, z) with the bosonic twist fields <T{w,iu) 
contains fractional powers. We have already encountered twist fields for the 
open string coordinates. Since closed string vertex operators are given by 
combinations of open string vertex operators for the left- and right-moving 
excitations of the closed string, blowing up modes are described by products of 
twist fields for the left and right movers, schematically (t{z,z) = aL{z)<Jii{z). 

Indeed one may regard fractional D3-branes as D5-branes wrapped around 
homologically non-trivial cycles, sometimes called "exceptional divisors" , that 
are complex varieties of codimension one in Wi'^/F = <C^/r, that shrink to 
zero size, i.e. to zero area in one's preferred units, at the fixed point in the 
orbifold limit, i.e. prior to resolution of the singularity. For a Z„ singularity 
there are n — 1 two-spheres that intersect according to the Cartan matrix 
of An-i- The complexified coupling is given by the "period integrals" of the 
2-form B2 + iC2: with B2 belonging to the Neveu Schwarz Neveu- Schwarz 
(NS-NS) sector and O2 belonging to the R-R sector. For regular branes, the 
gauge coupling of the diagonal subgroup, the one surviving when the branes 
move to the bulk, is given by cp + ?'Oo, where (p is the NS NS dilaton and Cq is 
the R-R scalar "axion" . Indeed one can show that the corresponding tadpoles 
precisely match the one-loop running of the couplings [113,114]! 

Essentially the same analysis applies to open strings with both ends on 
D(— l)-branes (D-instantons). Taking K fractional D-instantons with 

= (308) 

produces the truncation of the world-volume low-energy theory to pure (0- 
dimensional!) Af = 2 SYM with gauge group U{K). The surviving adjoint 
scalars will be denoted by x x} ■ The two associated non-dynamical 
fermions will be denoted by 0^ with r = 1,2 and their conjugates by 0". 

Setting 



Recall that F C SU{2) only acts on = C = R''. 
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a^o^lxx.+^n..' (309) 



"0 ^KXK ^ yg ^KXK ' 

where TJ^^ are the generators of SU{K), and 

e;"x.=^s"i.x.+crTL. (310) 

one can regard Xq and Oq" as coordinates in A/" = 2 superspace. 

Open strings connecting Nc fractional D3-branes to K fractional D- 
instantons belong to the bi-fundamental (Nc,K) representation of U{Nc) x 
U{K). The bosonic modes Wa and Wa are as in the N = A case, while the 
fermionic modes are halved and will be consistently denoted by and 9'^. 

In the double scaling limit a' 0, go oo {go has mass dimension 
+2) with {An'^a'go)^ = 4:7rgs = g^ fixed, the non dynamical moduli fields are 
governed by the action 

»5moduli = ^hose + <5fermi + ^ADHM , (311) 

where 

5^=' = TrK(-2[xt, a'*][x, a^] + xw"iVc,X^ + X^w^'iB^x) 

<mi = i^ersTTKii^'i^'x^ - ©''[x, ©1) (312) 
'^^dIjm = -^TrK[0?(^«d^>'■ + ^^'■^yd + [0"^a^]^^)-X„(H^'' + ^7?^,K,a-])]. 

Varying the action w.r.t. Xa and 0^ yields the N = 2 super ADHM con- 
straints 

W^" + i^^.K,a1=0 (313) 

and 

z«^^?'^ + ^.'■^SA + [0"^a^]<7^. =0. (314) 

As before, one can perform a Hubbard-Stratonovich transformation and re- 
place the quartic couplings in S^^^ with trilinear couplings to auxiliary fields 
Yj^ ,^ and „ and C7" „ and their conjugates. As a result one gets 

S^oTe = Ttk {2Y^Y^ - 2Y^[x\ a'*] - 2Y^ [x, a^] + (315) 
+ UlU" + UiU" + Ulw"x + Uaw"x^ + xw"Ui + x^w^Uc,) . 

Computing amplitudes with insertions of the scalar field vertex operator 

^^i"'Hp) = <^(p)e-'^e*^-^ (316) 

at p = 0, that correspond to turning on a v.e.v. for (p in the Cartan subalgebra 
of U{Nc), one can construct the relevant action for the moduli fields. By the 
invariance of the scattering amplitudes under the exchange of the dynamical 
field (j) with the non-dynamical field Xj the effect of the presence of a constant 
(/) in the computation of instanton effects simply amounts to the replacements 
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XKxK ® IjV.xWe XKxK (S) IjVeXWe " ^KxK (g) 4>N,xN, (317) 

and 

XkxK ® liVcXJVe XkxK IjVeXJV, " ^KxK ® 4>^N^xN^ ■ (318) 

It is crucial to observe at this point that </> and (j)' do not enter the fermionic 
action in the same way, indeed the additional terms in the fermionic action of 
the J\f = 2 supermoduli read 

= ers Ttk {y'<l>^v') . (319) 

As a consequence all 2K{Nc — 2) zero-modes associated with 9'^ and are 
lifted. 

11.2 SW prepotential from string instantons 

Let us now specialise to the case of a SU{2) gauge group. We are ready 
to accomplish the task of checking the SW prepotential, J-"sw, by means of 
Veneziano's open string theory! The Wilsonian effective action for the light 
neutral modes is 

Ses[^]= j d'^xd'^0J'{S>)+h.c., (320) 
where ^ = #3cr^/2 is the J\f = 2 vector superfield, 

^>(x,0) =0(x)+0pA^(x) + i0,"^f(e-<;F^.(a;)+a-e„0X"(a;)) + --- . (321) 

In (321) • • • stands for higher order terms in 9's that can be expressed in 
terms of the lowest components. We hope the reader does not get confused by 
the notation. In this section, ^ denotes an = 2 chiral superfield (previously 
denoted by A), (f> is its lowest component and v denote the v.e.v. of (j), while 
a or more precisely are the non dynamical moduli fields. 

The contribution of the i^-instanton sector to ^efrf??] is given by 

^eff'[^]= / dMKe-^-(*'^), (322) 
JMk 

where ^ collectively denotes the supermoduli parametrising A4k- Separat- 
ing the collective coordinates Xq and 6^" and, dropping the subscript for 
simplicity, one gets 

S^^g\^]= [ d^xd^e f d/xKe-^^(*'W, (323) 

J JMk 



SO that comparison with the formula (323) yields 
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^x(^)= / d/xxe-^^(*'«, (324) 
JMk 

where M.k denotes the supermoduh space of "centered" instantons. Mk de- 
scribes configurations with fixed position of the center of mass of the various 
instantons, which in turn are parameterised by /t's, i.e. by the cohective co- 
ordinates that do not move the position of the center of mass. Since #(a;, 6) 
may be taken to be a constant (slowly varying) superfield #(a;, 9) = 4> inde- 
pendent of the /('s, one can compute J-K{(f>) and then promote the argument ^ 
to a chiral superfield by holomorphy in the low energy approximation. Indeed 
higher (super)derivatives would contribute to the IPI efi'ective action. Resum- 
ming the infinite number of such contributions should reveal the spectrum of 
stable particles (BPS monopoles and dyons), expected on the basis of the SW 
analysis. The study of this feature is beyond the scope of the present analysis. 
Following this strategy till the end, one finds 

Tk{4')=CkcI>^^, (325) 

where A = vexp{—87T^/g'^{v)bi) is the RG invariant scale, dynamically gen- 
erated by dimensional transmutation, and v is an arbitrary scale that can be 
taken to coincide with the v.e.v. of (p. The coefficients of the expansion of 
can be computed by setting (p to any convenient value, including </> = 0, and 
are given by 

Ck= f d/tjte-'5^('^=°''^). (326) 
Jmk 

The coefficients Ck are also known as Gromov-Witten invariants. They have 
been explicitly computed for K = 1 and K = 2hy performing the integral over 
A4k and shown to match with the SW proposal and to reproduce Matone's 
relations, as previously reviewed. 

In fact, as previously shown in Sect. 10.2, they can all be computed 
by exploiting powerful localisation properties of the integral over the (su- 
per)moduli space. Nekrasov and collaborators [79-82] have been able to lo- 
calise the integrals over instanton moduli spaces by turning on the so-called 
J7-background, characterised by a constant self-dual antisymmetric tensor 
= ^aVliv From the string vantage point, the i7-background amounts 
to a constant R R graviphoton field-strength in the (Euclidean) spacetime 
directions f^i, = faV'itv The precise numerical factor is ^ so that /^^ = \^ixv 
or fa = \£a- In the presence of such a background the D3-brane action gets 
modified to 

5d3 = SsYM - J d^x [2igf^.TrN^ {4>Fn + Q^f^uF" Trjv, (^')] , (327) 

In order to expose the relative strength of the various terms in the action, we 
henceforth switch to the perturbative normaUsation, whereby we drop the overall 
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where Tr^v^ denotes the trace over the dimensional representation of the 
U (Nc) Chan-Paton group associated with the D3-branes. The modification of 
the effective action of the D3-branes after switching on the 12-background can 
be derived by the procedure of computing open string scattering amphtudes 
on the disk with an insertion of a closed string vortex operator for the R- 
R graviphoton. In the canonical (—1/2,-1/2) superghost picture the vertex 
operator for the R-R graviphoton reads 

Vf = ff,^S"a'^p'^SS'<e-^'f+'f'^/'^ . (328) 

We observe that the only relevant amplitude is 

((y(-i)yWy<-V2,-i/2)^^ • (329) 

In fact all other amplitudes, including the one with V^^-* replaced by V^^\ ei- 
ther vanish or are irrelevant in the low energy limit, i.e. produce higher deriva- 
tive terms. The combined effect of the i7-background and the non-vanishing 
v.e.v. for (j) is to replace the standard ADHM matrix ^(jv^+2k)x2k ^'^^^ 

^(Nc + 2K)X2K ^ ^(Nc+2K)X2K '^•^(Nc + 2K)X2K {'^ ■> ^) "I" ' ' ' • (330) 

It is important to note hat the upper block of >l(We+2s:)x2K(^! ^) given by 

■^x2j<t>'^=rvw^^-^''hx'i, (331) 
where u,v = l,...7Vc, i,j — 1,...,K, and the lower block is 

^17x2. = [X, a,K^ + e^al^a.a;. . (332) 

As in the standard (commutative, in the absence of graviphoton background, 
i.e. for ]7 = 0) case, the gauge field can be written in the convenient form 
gAfjt = WdfiU, which, as before, is not a pure gauge because U is not an 
Nc X Nc matrix. 

The fermionic zero modes can be parametrised as 

gi/2^ar ^ u\£''f{w,x)b" + b"f{w,x)£'')U , (333) 

where C",C^ are K x K spinor matrices satisiying the super ADHM con- 
straints and b, b are {Nc -\- 2K) x 2K constant spinor matrices with vanishing 
upper block and diagonal lower block. Moreover, one has 

f^^^iw, x) = {wc^w" + {a- xl)2)-i (334) 

as a consequence of the ADHM constraints. Finally, the scalar field profile in 
the presence of the non-commutative fl background is given by 

4) = iy2e„[/^£7(w;, x)C'U + U'^ JU (335) 
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and correctly satisfies 

D^(j> = -iV2er,\"''Xi - ign^^F'"' (336) 

to lowest order in g with = F^,^. Wc note that J' is an {N^ + 2K) x 
{Nc + 2K) block diagonal matrix with the upper block J^^^^^ = "^jv^xNc' 
where Wjv^xn^ represents the v.e.v. of the dynamical scalar fields ^f^^^^^, and 
the lower block J^'^ .^^ = Xa-xa- ® 1 + 1 ^acr", where Xkxk represents the 
non-dynamical scalar fields (moduli). 

In principle one can analyse by similar means gauge theories with lower 
(Af = 1) or no supersymmetry. This analysis is only in its infancy and goes 
beyond the scope of this review. It is the subject of very intense research 
activity at present, sec e.g. [115] . We hope we have provided the interested and 
proficient reader with the necessary tools to enter the arena of this fascinating 
endeavor. 

12 Instanton effects in A/" = 4 SYM 

In the following sections we shall review the calculation of instanton effects 
in jV = 4 SYM [70] . This is the maximally extended (rigid) supersymmetric 
theory in four dimensions and possesses a number of remarkable properties. 
It is ultra-violet finite [116] and provides an example of four dimensional 
quantum field theory with exact conformal invariance at the quantum level. 
The theory is also believed to be invariant under a strong<->weak coupling 
duality, known as S-duality, which generalises the Montonen-Olive electric- 
magnetic duality [73,102]. Originally the interest in the theory was driven by 
the discovery of its finiteness properties. In recent years it has been extensively 
studied in the context of the AdS/CFT duality [88-90], which relates it to type 
IIB superstring theory in an AdSs x background. 

As a conformal field theory M = A SYM has rather different physical 
properties from those of the M = 1 and M = 2 theories previously discussed. 
However, instanton effects play a decisive role also here and the methods of 
supersymmetric instanton calculus described in the previous sections have 
recently been extensively applied to the study of non-perturbative aspects of 
the model. In particular, instantons are expected to be instrumental to the 
realisation of S-duality in = 4 SYM and the study of their contributions 
has led to some of the most striking tests of the validity of the AdS/CFT 
correspondence. 

After a brief overview of the structure of = 4 SYM and its notable 
properties, in Sects. 14-16 we shall describe the calculation of instanton con- 
tributions to correlation functions, essentially following the method that in 
Sect. 2 was called the SCI method. In Sects. 17 and 18 we shall then discuss 
the role of instantons in the AdS/CFT duality. 
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13 A/" = 4 supersymmetric Yang— Mills theory 

The AA = 4 supersymmetric Yang-Mills theory was originally constructed 
in [70] as the dimensional reduction of the ten-dimensional Af = 1 super- 
symmetric Yang-A/[ills theory on a six-torus. The field content of the theory 
consists of a gauge field, A^, four Weyl fermions, {A = 1,...,4), and 
six real scalars, [i = 1, . . . , 6). In terms oi Af = 1 multiplets these fields 
combine into one vector and three chiral multiplets. All the fields are in the 
adjoint representation of the gauge group, which in most of the following will 
be taken to be SU{Nc). The global supergroup of symmetries of the theory 
is PS'f/(2, 2|4), whose maximal bosonic subgroup is 50(2,4) x SU{4:). The 
5*0(2,4) factor is the four-dimensional conformal group and SU{4:) is the 
R-symmetry group under which the fermions transform in the 4 (and their 
conjugates in the 4), the scalars in the 6 and the gauge field is a singlet. It 
is often convenient to label the scalars by an antisymmetric pair of indices in 
the 4, as (p^^ , subject to the reality constraint 

^AB = {ip^'^y = ^£ABCD^^^ . (337) 

The two parametrisations are related by 

= i= E\^^^^ , ^^"^ = ^ ^r^^' , (338) 

where i^f^) are Clebsch-Gordan coefficients projecting the product of 
two 4's (two 4's) onto the 6. They can be expressed in terms of the 't Hooft 
symbols [2] as 

S\b = {S1b,STb) = {vlB,irAB) , (339) 
Ef^ = , r«+3) = (-ry^^ ,if]^^), i = 1, . . . , 6 , a = 1, 2, 3 . 

The elementary fields are conveniently represented as colour matrices and the 

classical action of the theory, which is uniquely determined (up to the choice 
of gauge group) by A/" = 4 supersymmetry, can be written as 

S= y d^x TV I ^F^.F^'■' + 2D^ip^''D^'^AB - 2iA«^^„^A« - (340) 

- 25 A"-^ [Af ,^ab]- 2gXaA [X% 2g^ [v?^^ , ^^^] [^ab , ^cd] 

The action (340) is invariant under the supersymmetry transformations 

5X = -\f,.^<^4 + 4* {Po.^.V^'') 4 - H^BC, ^^^]ef (341) 
M'' = -iA"^cT^^ei-ze"^a;:.Ai. 
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Given the gauge group, the action (340) contains a single parameter, the cou- 
pling constant g The absence of divergences in the theory implies that the 
corresponding /3- function vanishes. As discussed in Appendix C, it is possible 
to add to the action a i?-term. 

The Af — 4: SYM theory has a vacuum manifold parametrised by the 
v.e.v.'s of the six scalars which make the potential vanish. The resulting mod- 
uli space turns out to be 

M = n^'^/Sr , (342) 

where r is the rank of the gauge group and Sr is the group of permutations of 
r elements. At a generic point of the moduli space the theory is in a Coulomb 
phase and the gauge group is broken down to U{1Y. In this phase and in 
the presence of a iS'-term the theory contains BPS-saturated monopole and 
dyon states characterised by integer quantum numbers, qe and qm, associated 
with their electric and magnetic charges [100,101]. The conjectured S-duality 
of A/" = 4 SYM requires that the spectrum of such states be invariant under 
the action of SL{2, TL) transformations acting projectively on the complexified 
coupling, T (defined in (141)), 

J- ^ a, 6, c, d e Z , od - 6c = 1 , (343) 

CT + a 

while simultaneously rotating the electric and magnetic quantum numbers 
according to 

«e \ ^ -a 6 \ / ge 
Qmj \ c -d ) \q„ 



(344) 



Significant evidence in support of this conjecture has been obtained using 
semi-classical methods [117]. 

The conformal phase of the theory corresponds to the origin of the moduli 
space where all the scalar v.e.v.'s vanish. As already observed, at this point the 
classical (super) conformal symmetry is preserved at the quantum level, result- 
ing in a non-trivial interacting conformal field theory. In this phase the fun- 
damental observables are correlation functions of gauge-invariant composite 
operators constructed from the elementary fields in (340). Such operators are 
classified according to their transformation under the global symmetries and 
are organised in multiplets of the superconformal group, PS'C/(2, 2|4). Some 
properties of the A/" = 4 superconformal group and its multiplets are reviewed 
in Appendix I. Each operator is characterised by its quantum numbers with 
respect to the bosonic subgroup 5*0(2,4) x S'[/(4). These can be chosen to be 
two spins, (ji, j2), and the scaling dimension. A, identifying the transforma- 
tion under the conformal group together with three Dynkin labels, [k,l,m], 
identifying the 5f(4) representation under which the operator transforms. 



^® In the following we will maintain the notation used in the previous sections, 
denoting the Yang-Mills coupling by g. The string coupUng constant will be 
denoted by Qs- 
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Af = 4: composite operators can be broadly divided into two classes, protected 
operators belonging to short or semi-short "BPS" multiplcts of the supcrcon- 
formal group and unprotected ones belonging to long multiplets [92, 118]. Cor- 
relation functions of protected operators satisfy special non-renormalisation 
properties. A notable example of BPS multiplct is the one comprising the 
PS'C/(2,2|4) conserved currents, i.e. the energy-momentum tensor, 7^j/, and 
the supersymmetry and R-symmetry currents, and J7^^, respectively. 
We give here the explicit form of the first few components of the 7^,^ multiplet 

QlA,B,][A2B2] ^ (2^A,B,^A,B^ ^ ^A,A,^B,B^ ^ ^A.B^^A.B,^ 

4t^^^l = Tr (a^-^^^t^.^'^^A^^ + 2iF^,v^^^^) 

At = Tr {<^^i^^.A^ + g[^BC, 'p'^^K + {Po.c^% + 5[A^, Vbc]) V^""} ■ 

The operator Q is the lowest component of the multiplet and transforms in the 
20' of the SU{4) R-symmetry, £ and are respectively in the 10 and 6 and 
the fermionic operators and transform in the 20 and 4 respectively. 
The tensor ^ct^^-j^g// in £ projects the product of three 6's onto the 10. 
In the next sections we shall study various examples of correlation functions 
involving the operators in (345). We shall also consider other BPS multiplets 
in the same class whose lowest component is a dimension t scalar operator 
which, in terms of the (p* scalars, takes the form ^"^ 

(346) 

The first example of long (non-BPS) multiplet is the A/" = 4 Konishi multiplet, 
whose lowest component is the dimension 2, SU{4) singlet scalar 

/Ci=eABCZj1V(<p^^^^^) . (347) 

Conformal invariance implies that, given a complete basis of operators in 
the theory, any correlation function is fully determined, via the Operator 
Product Expansion (OPE), by two sets of numbers, the scaling dimensions 
of the operators and the Wilson coefficients that couple triplets of operators. 
Both scaling dimensions and Wilson coefficients receive perturbative and non- 
perturbative quantum corrections, so they are non-trivial functions of the 
coupling, g, and the i^-angle. 

The spectrum of scaling dimensions in ^ = 4 SYM has been the subject of 
extensive study in the context of the AdS/CFT correspondence. The scaling 

We use curly brackets to denote symmetrisation with subtraction of traces. For 
simple symmetrisation and anti-symmetrisation we use parentheses and square 
brackets, respectively. 
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dimensions of composite operators are determined by their two-point correla- 
tion functions. For a primary operator, 0{x), conformal invariance fixes the 
form of the two-point function {0{x)0'^ (y)) to be 

{0{x)OHy)) = j^^^ , (348) 

where A is the scahng dimension and c is a constant which may, in general, 
dc;pcnd on g and the i?- angle In general A receives quantum corrections, 
A — Aq + j, where Aq is the bare or engineering dimension and 7 the anoma- 
lous part. The latter has an expansion of the form 

00 00 
7(5, 1?) = E ^rV" + E E K^^^^'" e(-«-V.=+«)^ + e.c.] , (349) 

n=l if>Om=0 

where the first series contains the pcrturbativc contributions and the second 
double series the instanton and anti-instanton contributions. The two-point 
functions of protected operators arc not renormalised implying that their bare 
dimensions are not corrected {A — Aq). 

The behaviour (349) of the anomalous dimensions illustrates an important 
feature of A/" = 4 observables. In general physical quantities receive contribu- 
tions at all orders in perturbation theory and from all instanton sectors. More- 
over in each instanton sector there exists an infinite series of perturbative cor- 
rections arising from fluctuations around the leading instanton semi-classical 
contribution. This is the consequence of the absence of chiral selection rules 
and marks an important difference with respect to the cases oi J\f = I and 
J\f = 2 theories considered in the previous sections. Indeed, in M = 4 SYM 
there are no anomalous J7(l)'s. As a consequence, as will be discussed in the 
next sections, there exist no correlation functions which are dominated by the 
contribution of speciflc instanton sectors. 

In the conformal phase the field equations of A/" = 4 SYM admit no (non- 
singular) monopole or dyon solutions and the conjectured S-duality has a 
different realisation. Specifically it requires that the spectrum of scaling di- 
mensions of gauge-invariant operators be invariant under the SL(2, TL) trans- 
formations (343). This suggests that the scaling dimensions should naturally 
be written as functions of r and f in the form 

Zi = Zi(r,f) = Zio+7(T,t). (350) 

We then conclude that instanton effects, which are the source of the d de- 
pendence in (349), must play a crucial role here. Similarly, it can be argued 



This is actually an over-simplification. In general, in a given sector characterised 
by certain quantum numbers, one needs to consider a complete set of operators 
and resolve their mixing. The resolution of the operator mixing diagonalises the 
matrix of two-point functions. Only after this step equations of the form (348) 
determine the physical scaling dimensions. 
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that instantons are important in determining the behaviour of correlation 
functions under S-duality. As will be discussed in Sects. 17 and 18, the argu- 
ments outlined here also resonate with what is understood about the role of 
D-instantons in the dual type IIB string theory compactified on AdSs x S^. 
Unfortunately, little is known beyond these qualitative considerations and the 
details of how the S-duality of A/" = 4 SYM is implemented in the supercon- 
formal phase remain largely elusive, see, however, [119] and [120] for recent 
progress. 

14 Instanton calculus in A/* = 4 SYM 

In this section we discuss some general features of instanton calculus in the 
A/" = 4 SYM theory, highlighting the differences with respect to the A" = 1 
and TV = 2 cases. In the next section we analyse in more detail one-instanton 
contributions to some specific correlation functions, focussing on the case of 
SU (Nc) gauge group which is particularly important for the applications to 
the AdS/CFT correspondence. Multi-instanton configurations are described 
using the ADHM formalism [19] (see also Sect. 9.2). A full account of the tech- 
nical aspects of the ADHM construction is beyond the scope of the present 
work. A comprehensive review of multi-instanton calculus in supersymmetric 
gauge theories can be found in [6]. The calculation of multi-instanton contri- 
butions is extremely involved and their direct evaluation is only possible for 
small instanton numbers (although remarkable progress was made in [81,82]. 
See the discussion in Sect. 10). However, dramatic simplifications occur in the 
large Nc limit of relevance for the AdS/CFT duality. A brief review of the 
computation of multi-instanton corrections to A/" = 4 correlators in this limit 
will be given in Sect. 16 following the work of [121]. 

The calculation of correlation functions in J\f = A SYM in the semi-classical 
approximation proceeds as described in a general setting in Sect. 2. The path 
integral is evaluated using a saddle point approximation around the instanton 
configuration and thus reduced to a finite dimensional integral over the collec- 
tive coordinate manifold associated with bosonic and fermionic zero- modes. 
However, the form of the interaction terms in the J\f = 4 action (340), and 
in particular the coupling to the scalar fields, requires a modification of the 
previous analysis. 

In principle, as done in Sect. 2, it is possible to use as saddle point config- 
uration the solution in which the gauge field is given by the standard bosonic 
instanton with all the other fields vanishing, i.e. 

A^ = Aj,, A^ = Ai = ^^^=0. (351) 

The fluctuations of the various fields in the background of this configuration, 
including fermions, should then be treated perturbatively. This results in an 
expansion which, in the case under consideration of A/" = 4 SYM, is somewhat 
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hard to handle beyond leading order. A more efficient approach consists in 
utilising as saddle point configuration a finite action solution of the complete 
set of coupled field equations of the theory including higher order corrections 
in g. This also provides a natural framework for implementing the supersym- 
mctric generalisation of the ADHM construction. 

A generic n-point correlation function computed in the semi-classical ap- 
proximation around such a saddle point has an expression analogous to (23)- 
(25) which we schematically rewrite in the form 

(Oi(a;i)---0„(x„)) = j dM(/3,c)e-^'-*ai(xi;/3,c)---0„(x„;/?,c), (352) 

where dj.i((3, c) is the integration measure over the bosonic (/3) and fermionic 
(c) collective coordinates arising from the zero-mode fiuctuations around the 
classical solution and S'inst is the action evaluated on the solution. With Oi we 
denote the classical expressions of the operators at the saddle point. The latter 
depend on the insertion points of the operators and the collective coordinates. 

For pure Af = 1 SYM there exists a whole manifold of saddle points 
(including the one in (351)) which correspond to field configurations with 
Afj, = Ajj^, a. gaugino solution of the Weyl-Dirac equation 

|)""A„= 0, (353) 

and the anti-chiral fermion, A^^, identically zero. The resulting semi-classical 
expectation values involve integrals over the hb bosonic collective coordinates 
as well as the np fermion zero-modes resulting from the index theorem and 
discussed in previous sections. 

The generalisation of this analysis to the A/" = 4 case incurs in a seri- 
ous obstacle: no exact topologically non-trivial solution of the coupled field 
equations is known except (351). The J\f = 4 SYM field equations read 

D.F'^'' + t 9{X-^<j:^,\'X} + ^9[^AB,D-^^^^] = 

D\^^ + V29[{X-^, Af } + I .^^^^{A^c, A« }] - ^fe, ^^^]] = 
r"A^ + ix/25[^^^,A|]= (354) 

P^^~Xi-iV2g[^AB,X^]=0. 

In the following discussion we denote by a solution of the classical equa- 
tions of motion for the generic field ^ which depends on n zero modes of 
the Dirac operator in the instanton background. As already observed, the 
equations (354) are solved by the purely bosonic configuration (351), where 
Aj^ = A^^^ is a charge- iiT instanton, with hb associated collective coordinates. 
One can try to do better and solve iterativcly the full set of coupled equa- 
tions (354). Upon substituting the instanton solution (351), the equation for 
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A"* is of the form (353) and admits np independent solutions for each "flavour" 
A = 1, ... ,4. After this first step of the iteration, which generates a non-trivial 
solution, Xa^^\ for the gauginos, one notices that the configuration 

A, = A(^\ A^ = A^W, ^^^ = Ai = 0, (355) 

unlike what happens in the cases of A/" = 1 and Af = 2 SYM. is not a so- 
lution of (354) and the process has to continue. The equation for the scalar 

A(l) 

fields, obtained inserting back Xa , admits a solution which is bilinear in the 
fermion modes, ip^^^'^h Again the resulting configuration 

A, = 4°), A^ = AfW, ^^B^^ABi2)^ ^d^o^ (35g) 

is not an exact solution of (354). A further iteration generates a non-trivial 
field configuration, X'^^\ for the anti-chiral fermions involving three zero- 
modes. At this point also the first equation in (354) gets an extra term, so 
that at the next step a modification, A^/f"^ , of the standard bosonic instanton 
is necessary. One may notice that the field strength associated with A^if^ is no 
longer (anti-)self-dual. 

In principle this recursive procedure can only stop when, after a number of 
successive iterations, a field configuration involving a number of fermion modes 
exceeding is generated. The first few steps of the construction described 
above were explicitly carried out in [122]. However, a complete super-instanton 
multiplet, which would exactly solve (354) in closed form is not known. Indeed 
it has been argued in [6] that for generic gauge group such an exact solution 
may not exist. In spite of this obstacle it is possible to consistently compute 
the semi-classical contribution to correlation functions expanding the path 
integral around an appropriately approximate solution. The crucial observa- 
tion is that successive steps in the iterative procedure outlined above produce 
corrections to the solution which are suppressed by increasing powers of g. 
Therefore in the weak coupling limit it is consistent to employ as saddle point 
configuration an approximate truncated solution of the equations of motion 
in which only terms up to a certain power of g are retained. Thus the idea 
is to solve the field equations to leading order and include in the integration 
in (352) all the zero-modes of the truncated equations. For the purpose of 
computing correlators in the semi-classical approximation the relevant saddle 
point is determined by solving the system 

DV'' = 5\^(A"^Af -A«^A^) , 

with the integration measure in (352) including all the associated fermion 
zero-modes. The action evaluated on the solution of (357) is not simply given 
by Sir'^/g^, but manifestly depends on a subset of the collective coordinates 



(357) 
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^inst = -^-i^ + Sinst (/3, 5) , (358) 

where we have denoted with /3 and c the collective coordinates associated with 
the "non-exact" zero-modes, i.e. those which are zero-modes of the truncated 
equations (357), but not of the full coupled equations (354). These non-exact 
zero-modes are said to be "lifted" by the interactions. As will be discussed 
more explicitly in the next section, in the case of gauge group SU {Nc), the only 
fermion modes which remain unlifted are those associated with the Poincare 
and special supersymmetries which are broken in the instanton background. 
All the remaining modes are lifted by the coupling to the scalars. 

The lifting of fermion zero-modes has important consequences for the prop- 
erties of correlation functions which receive instanton contributions. Since 
some of the fcrmionic collective coordinates (c in the formula abovc^) ap- 
pear explicitly in the action, it is not necessary to saturate the corresponding 
fermionic integrations with the operator insertions in order to obtain a non- 
vanishing result. This implies that in the JV = A theory there are no (strict) 
selection rules determining which correlation functions receive contributions 
from which winding number sector, mdikc what happens in the Af = 1 and 
Af = 2 cases. In particular non-vanishing correlators receive contributions 
from configurations with arbitrary instanton number. This result emerging 
from explicit calculations has its origin in the absence of an anomalous U{1) 
R-symmetry in A/" = 4 SYM. 

It must be stressed that the approach described here is consistent only if 
restricted to the calculation of the leading order contributions in g (see (357)). 
The reason is that in order to go to higher orders in a consistent way one should 
also take systematically into account all the quantum fluctuations that beyond 
the semi-classical approximation have been neglected. 

15 One-instanton in A/* = 4 SYM with SU{Nc) gauge 
group 

In the one-instanton sector the approach described in the previous section 

can be implemented in a straightforward way. We focus here on the case of 
SU{Nc) gauge group, but the generalisation to orthogonal and symplectic 
groups is not too diflacult. As explained above, we shall use as saddle point 
for the calculation of correlation functions in the semi-classical approximation 
the solution to the truncated equations (357) . The resulting saddle-point 
field configuration is characterised by 4A^c bosonic collective coordinates. As 

^® In preparation for the forthcoming discussion on the AdS/CFT duality we shall 
from now on work with fields rescaled by a factor of g. Consequently the action of 
the A/" = 4 theory will have an overall factor in front. This is the normalisar- 
tion which arises naturally in the dual string theory and therefore this rescaling 
will simplify the comparison of string and gauge theory results. 
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we know they are the position, xq, and size, p, of the instanton and its global 
gauge orientation parameters. The latter can be conveniently identified with 
the set of variables, Wud and (where u = 1, . . . , A^c is a coloin index and 
a = 1, 2 is a spinor index), parametrising the coset SU {Nc) / SU {Nc — 2) x C/(l) 
describing the SU (2) colour orientation of the instanton and its embedding 
into SU{Nc) [9]. Moreover, as we will be working with the approximate solu- 
tion of (357), all the 8Nc fermionic collective coordinates associated with the 
zero modes of the Dirac operator will be included in the integration measure. 
These comprise the sixteen moduli associated with the Poincare and special 
supersymmetries broken by the bosonic instanton and denoted respectively 
by rj^ and {A = 1,2,3,4). For brevity we shall refer collectively to these 
modes as superconformal modes. The remaining fermion moduli, which can be 
thought of superpartners of the gauge orientation parameters, are described 
by 8Nc parameters, and i/^", subject to the 2x8 constraints 

^aUj^A ^ Q ^ D^'^Wua = , (359) 

which effectively reduce their number to 8{Nc — 2). 

As discussed in the previous section, only the sixteen superconformal 
modes remain exact zero modes to all orders in g. The f:^ and i/"^"^ modes 
are lifted and appear explicitly in the instanton action. The solution of the 
coupled equations (357) generates a non-trivial configuration for the scalars, 
ip^-^ , which is bilinear in the 8Nc fermion zero- modes. Substituting this so- 
lution, together with = 0, in the action (truncated to the cubic couplings 
for consistency with our iterative procedure) gives 

_2 

5i„st = -27riT + S4F = -2wiT + EABCD j,CD ^ (ggg^ 

where r was defined in (141) and 

-^^^ = ^ - . (361) 

It is the four- fermion term, S'4f, arising from the Yukawa couplings 
\^[\^ ,(Pab\ which is responsible for the lifting the of the 8{Nc — 2) and 
D-^^ modes. 

15.1 A generating function 

In the following we only consider correlators of gauge- invariant operators for 

which the integration over the moduli describing the global orientation of 
the instanton simply produces a volume factor which can be absorbed in the 
measure [9]. We denote by d/Uphys the gauge-invariant, or physical, integra- 
tion measure on the instanton moduli space obtained after integration over 
the gauge orientation parameters. The physical measure to be used in the 
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calculation of expectation values in semi-classical approximation in the one- 
instanton sector is 

J>.pl,.e-'"-= (^^_4„^_,), x (362) 



/ 



A=l 



,4iVe-13g-S4F 



whore the instanton action is given in (360)-(361) and the p, g and Nc de- 
pendence is the result of the normalisation of the collective coordinates as 
explained in Sect. 2. 

Following [121] the integration over the %{Nc — 2) non-exact modes, 
and C''^", can be reduced to a Gaussian form introducing auxiliary bosonic 
coordinates, x\ i= 1, • • • j 6, and rewriting the r.h.s. of (362) in the form 



( ^^_l)!(iv!-2)! / d'^d^^od^x nd'^Wd^-^^^d^-^^^x 



xp^^^-^exp 



(363) 



-2pW + —xabT 
9 



where xab = -^^abX^ and J^^^ is defined in (361). 

The semi-classical contribution to a correlation function of local gauge- 
invariant operators is obtained by integrating the product of their profiles in 
the instanton background with the above measure. The integration over the 
Grassmann variables in (363) requires that the classical expressions of the op- 
erators soak up the sixteen fermion modes r/^ and for the result to be non- 
zero. The Grassmann integrals over the i^^ and modes are non-vanishing 
even if the operators do not contain any dependence on these variables. In 
the following we shall use the terminology introduced in [123] and refer to 
correlation functions in which the operator insertions soak up only the six- 
teen exact modes as "minimal" . Correlators in which the operators contain a 
dependence on more than sixteen modes will be referred to as "non-minimal" . 
In order to systematically study the instanton contributions to generic cor- 
relation functions it is convenient to construct a generating function. This 
allows to drastically simplify the combinatorics associated with the u"^ and 

integrations in the non-minimal cases [123]. For this purpose we introduce 
sources, i?^ and i?^„, in (363) coupled to those fermionic variables and define 

^[^'^J= (^?^iy5^/^^'^'"°^'^ nd^r;^d^?-^d-=-^^d-=-V^ X 



xp*^-^exp 



I ^^''^^r.Au,, ,.B I „Q«,,A I „a -Au 



(364) 



Here and in the following formulae we omit a (A^c-independent) numerical con- 
stant that will be reinstated in the final expressions. 
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Since the integrals over 9 and v are Gaussian, they can be immediately com- 
puted. Introducing polar coordinates 

6 

X^^(r,X2), ^(x^f=r^ (365) 

we find 

0-29 -13 „8„27rir i- 4 

/•OO 

X / drr''^=-3e-2^''^'z(^,^;/2,r), (366) 

where all the numerical coefficients omitted in previous expressions have been 
reinstated and we have introduced the density 



(367) 



Z{'d,&,S^,r) = exp 
where the symplectic form Q-^^ is given by (see (365)) 

6 

[2^!' = Ef!'n\ Y^{n'f = l. (368) 



i=l 



Notice that the angular variables, fi^ , introduced in the polar representation 
of the auxiliary coordinates, x'l parametrise a five-sphere. This will play a 
very important role in comparing with string theory results in the context of 
the AdS/CFT correspondence. 

A n-point correlation function in the semi-classical approximation takes 
now the form (see (352)) 

{Oi{xt)---On{Xn)) ^ y"dMphysC^^'"=*Ol---0„, (369) 

where 

d,=d,{x,-,xa,p,i^^,i'',i^^,v^) (370) 

denotes the classical instantonic profile of the operator Oi and gcncrically 
depends on all the bosonic and fermionic moduli. In particular the v"^ and 
modes appear in gauge invariant operators only in colour singlet bilin- 
ears, in either symmetric or anti-symmetric combinations belonging to the 
representation 10 or 6 of SU{A), respectively, i.e. in the combinations 

(iy^zy^)io = u<^v^^ = (P^"i/f + v'^'^v^) , (371) 
{9^v'^)q = V'^^^v^^ = {v^^'v^ - u^^'u^) . (372) 
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The strategy is then to rewrite the dependence on these collective coordinates 
in each insertion in (369) in terms of derivatives with respect to the sources 
{^A, ^a)- In this way the dependence on the v^'s and i/^'s is traded for a de- 
pendence on the angular variables f2^^. After this step the integration over 
the radial parameter, r, can be computed and one is left with an integration 
over the bosonic coordinates, xo, p. , and the sixteen coordinates asso- 
ciated with the exact modes, rj^ and In the next subsections we present 
some examples of such calculations. 

15.2 Minimal correlation functions 

A class of correlation functions which have been extensively studied in the 
context of the AdS/CFT correspondence are those involving the operators in 
the jV = 4 supercurrent multiplet (345). This is a 1/2-BPS supermultiplet 
and thus all its components are protected operators. Their two- and three- 
point functions are not renormalised and in particular do not receive instanton 
contributions. However, their four- and higher-point functions can be non-zero 
in an instanton background and turn out to contain interesting dynamical 
information. The first examples of correlators in this class were considered 
in [124] in the case of SU{2) gauge group. The calculations have then been 
generalised to SU {Nc) in [125] and to multi-instantons in the large Nc limit 
in [121]. 

• The simplest minimal correlation function involves sixteen insertions of 
the fermionic operator 

.1^ = ^ Tr {a^ '^F^.A^ + [<pBC, v''^]X^+ 

+ (0.aA| + [A^,^Bc])^^^} , (373) 
transforming in the 4 of the 5C/(4) R-symmetry group 

Gie{xi,X2, . . . ,xi6) = {Ailixi) Ail{x2) ■ ■ ■ <^«(a;i6)) • (374) 

For the calculation of (374) in the semi-classical approximation only the con- 
tribution of the first term in (373) to the classical profile of is relevant. In 
fact by reinserting for a moment the powers of g that were absorbed in the 
redefinition of the fields, it is immediately seen that all the other terms are of 
higher order in g. 

Substituting the solution for A^^-* and Aq'^^ one obtains for the classical 
profile of A^ 

Ai{x) = ^p^[f{xtC{x), (375) 

Here and in the following we use for the composite operators the normalisation 
appropriate in the context of the AdS/CFT correspondence, which requires that 
their tree-level correlation functions be proportional to (see (422)-(423)). 
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where the function f{x) is defined in (543) and (^i^) combination 

Cix) = [pv^ - (X - xoUU"^] . (376) 

We explicitly note that is linear in the superconformal collective coor- 
dinates and does not depend on the i^^ and modes. This means that in 
evaluating the correlator (374) the sources i?^ and i?^„ can be set to zero. We 
thus get 

GM^u...,x.e) = ^,,^J^_^y_^^^_^^J dpd^.od^/2ndVd^C^x 

l-oo 16 

x/ drr'^^-h-"''^%'^^-'l[p'[f{x,)]Uinxi). (377) 

•^0 i=l 

The r integral is elementary and yields 

POO 

/ dr r-4^c-3g-2p=.^ ^ ^-2N^ p^-^^^r{2Nc - 1) , (378) 
Jo 

so that 



16 



„4 



where 



^^^"^^^ - (Ar,-l)!(7V,-2)! ^Zoo ' ^ ^ 



The integration over the fermion modes selects terms with eight ry^'s and 
eight ^^'s in (379) and results in a fully anti-symmetric tensor in the SU{4:) 
and spinor indices. As will be discussed in Sect. 18, the unintegrated expres- 
sion (379) suffices for the comparison with the associated dual process in string 
theory. 

• As a second example of minimal correlation function we consider the 
four-point function 

Giixu ...,Xi) = {Q^^B,C,D, ^^^^ . . . qA,B,CW.^^^)^ ^ (381) 

where the scalar operators Q^^'^^ belong to the 20' of S'f7(4) and are given 
by 

qABCD ^ J_ (2^-4B^CD ^ ^AC^BD _ ^AD^BC^ _ (332) 
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When evaluated on the solution of the saddle point equations (357), the 
qAbcdt^ contain four fcrmion modes. Unlike the fcrmions A-^ they also in- 
volve the and modes. However, in the minimal correlator (381) this 
dependence can be neglected as all the fermion modes need to be of type 
T]^ and to saturate the corresponding Grassmann integrals. The relevant 
terms giving the profile of Q-^bcd ^^.^ 

with Ca defined in (376). 

Proceeding as for the sixteen-point function (374), one finds 

G4(a;i,...,X4)=Ci(7V)2-9 34 7r-i3e2-- / d^l? dV d'?"^ x 

^ A=l 

X n li,-S+p'V [(^"•^'''^^^"•^"•) - (C"-C"-)(C"'C^-)](-0 , (384) 

with ci{N) given in (380). 

In the case of the four-point function (381) the final integrals in (384) have 
been explicitly computed in [126]. The result is a very complicated function 
of the distances xfj = (xi — xj)^, which, however, can be used to extract infor- 
mation about instanton contributions to the anomalous dimensions of certain 
operators via the OPE analysis. As discussed in [126], the result shows, in 
particular, that the Konishi operator (347) does not acquire an instanton in- 
duced anomalous dimension. The study of the OPE also shows that there are 
SU (4) singlet operators with zio = 4 which do receive an instanton contribu- 
tion (as well as possibly a perturbative one) to their anomalous dimension. We 
shall briefly return to the calculation of instanton corrections to the s(;aling 
dimensions of composite operators at the end of the next subsection and to 
the interpretation of (379) and (384) in Sect. 18.2. 

15.3 Non-minimal correlation functions 

The minimal correlators considered above are not dominated by the contri- 
bution of the one-instanton sector. Apart from ordinary perturbative correc- 
tions, they receive contributions from K > 1 instanton configurations as well 
as from perturbative fluctuations in each instanton sector. The non-minimal 
correlation functions, in which the operator insertions soak up more than the 
minimal number of fermion zero-modes, have similar properties in this re- 
spect. However, their calculation presents new complications that will now be 
illustrated with explicit examples. In general one can distinguish two classes of 
such non- minimal correlation functions, based on the features that diff'erenti- 
ate them from related minimal cases, i.e. those involving additional insertions 
and those involving higher-dimensional operators. 
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• An example of the first type is the twenty-point function 

G2o(xi, . . . , X2,) = « (xi) . . . (xie) f ^^^^ (yi) • • • S'^^^Hv^)) , (385) 
where is defined in (373) and 

= ^ ^ (-A«"A^ + 4".%,. ^""^"S"^) . (386) 

For the calculation of (385) in the semi-classical approximation only the first 
term in (386) is relevant. Its contribution to the classical profile of f ^'-^ is 

As explained in the previous subsection, the operator does not depend on 
the fermion modes of type and and thus in evaluating (385) we need 
to use for each f ^'-^ insertion the second term in (387), as the A^ insertions 
already soak up all the superconformal modes. In this way we get 

G2o{xi,...,X2o) = ^ / dMphyse-^'"-n96p4[/(xi)f r'^'(xi)x 

^ i=l 

xn2p2[/(y.)]3(^(B.^c,)), (388) 
Using the generating function (366), this formula can be rewritten in the form 

555ql6^-13 „27rir 4 



= g32(^r^-i)!(jv,-2)! ydpd^xod^^^ ndVd^^- 

/■cx) 16 4 

(389) 



■d={)=a 



After evaluating the derivatives and eliminating the sources the integral over 
r can be performed and one gets 

16 ^4 4 ^3 

x/a^« + (.90, 



100 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi 



where the eUipsis in the last Une stands for permutations of the Bj, Cj indices 
and 

2-2^<=(7Vc-2)2r(2iVc-3) 



iVc— >(X) 



(N, - l)!(7Ve - 2)! 

i-H + od/iv.^) 



(391) 



The factor of {Nc — 2)^ in the numerator of C2{Nc) comes from the contraction 
of colour indices in the ?9/1m's and ^^'s sources. The integration over the five 
sphere in (390) gives the SU{A) tensor 

^BiCi -B4C4 ^ £BiC2B2CigB3C4B4C3 _^ permutations . (392) 

The main difference to be noted with respect to the minimal cases is the non- 
trivial dependence on the angular variables parametrising the five-sphere. In 
general, as in the above expression, the five-sphere integral factorises and gives 
rise to SU(A) selection rules. Specifically, a correlation function can receive 
a non-zero instanton contribution only if the SU{4) flavour indices carried 
by the non-exact modes, and D^, appear in a combination containing the 
SU{A) singlet representation. We shall re-examine the results (390)-(391) in 
Sect. 18.2 in connection with the corresponding processes in the dual string 
theory. In particular we will see that the calculation of non-minimal correlators 
such as (385) leads to a puzzle: the A''-dependence in the SYM result does not 
agree with that of the amplitudes which are naturally identified as their dual. 
The resolution of the puzzle will require taking into account further types of 
contributions which do not arise in the minimal case (see Sect. 18.2). 

Prom the previous example and the form of the generating function (366) 
we can deduce some general features of non-minimal correlation functions. The 
insertion of each {D'^v^) bilinear in a correlator corresponds to two derivatives 
of (367) with respect to the sources. This, besides producing a factor of g, 
also modifies the r dependence of the integrand, thus affecting the overall Nc- 
dependence, see (378). Moreover additional factors of Nc are associated with 
the contraction of the colour indices carried by the z^^'s and D^'^^s variables. 
From (366) and (367) one checks that in general the insertion of any {v^v^)iq 
pair yields a factor g and the insertion of each {u^i'^)q pair a factor g\/N^. 

Schematically for a generic non-minimal n-point correlation function con- 
taining q {9^i'^)io factors and p {u^v^)^ bilinears one finds 

(Oi(xi)...a(x„))~/+^+«e2-a(iV,) / ^^d^f2 HdVd^^-^x 

n 

xpP+'^l[d,{xi;xo,p,v,ln), (393) 

i=l 

where Oi denote the profiles of the operators after the dependence on the 
non-exact modes has been re-expressed in terms of the i^'^^'s of (368). For 
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future use we give the expression of the coefficient a{Nc) at large N^. 



(394) 



• All the operators in the supercurrent multiplet considered so far only in- 
volve the {v^v^)io bilinears. Anti-symmetric bilinears occur in higher di- 
mension operators such as those in multiplets having as lowest component 
the scalars (346) with £ > 3. An example of correlation function containing 

such insertions is 



G,,{x„...,x,,) = «n^i)---<^^(^i4)vl|;"="M?/iMX^"^ '(y^))' (395) 

where the operator A^^^^^'\ which belongs to the same multiplet as Qe=3 
and transforms in the 20 of S'f/(4), is 



73 iV, 



1/2 



Tr 



(396) 



with the ellipsis referring to terms which are negligible in the semi-classical 

approximation. 

The profile of the operator (396) in the one-instanton background is 
k^'"'''' = -T^2 P" [/(^)]' + C^n^^-'^^^f^')] • (397) 

The correlation function (395) is computed by replacing each inserted operator 
with its classical profile and integrating over the moduli space. In particular 

the normalisation of the operators A^^^ is such as to compensate the addi- 
tional factors Nc associated with the {D^i^^)e bilinears and the final result 
1/2 

behaves again like Nc in the large- A^c limit. Proceeding as in the previous 
cases, one finds 



Gi6(a;i, . . .,xi6) = 



n 



C3(A^c)24S3i6e '"^ 



/•^^d^r^ndVd^e^x 

^ ^ A=l 



4 >ya. 



(398) 
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where the • • • refers to symmetrisation in {B2, -B3) and (C2, C3). The de- 
pendence is contained in the coefficient C3{Nc), where 

"'^'"'^ iVe(iVe - l)!(iVe - 2)! ^^^J^' ' ^ 

The integration over the five-sphere in this case gives a single e-tensor 

d^ r? f?^^ 12^^ = ^ . (400) 



/ 



The example of (395) allows to illustrate another feature of non-minimal 
correlators. Since not all the fields are employed to soak up the sixteen ex- 
act superconformal modes, there are contributions to the expectation value 
in which pairs of fields are contracted with an instantonic propagator. In the 
case of (395) for instance it is possible to contract pairs of scalars in the 
two A^^'-' operators. Contributions of this type are of the same order in g 
as those in which the extra insertions soak up and modes, since with 
the normalisations we are using {S (x 1/5^) the scalar propagator is propor- 
tional to 5^. They are, however, sub-leading with respect to terms containing 
(p^jy^)e pairs at large N^. The evaluation of the contributions with contrac- 
tions is rather involved because they require the use of the propagator in the 
instanton background, which has a complicated expression [20, 127]. We shall 
not discuss further these effects, but we stress that they are essential for the 
comparison with certain string theory amplitudes [123]. 

There are many other interesting examples of non-minimal correlation 
functions in A/^ = 4 SYM which could be discussed. For lack of space we 
conclude this section with a brief list of some other notable cases, referring 
the reader to the original literature for further details. A comprehensive study 
of non-minimal correlators can be found in [123]. 

• A special class of correlation functions in Af = 4 SYM are the so- 
called extremal correlators. These are n-point functions of operators of 
the type (346) in which the dimension, ii , of one of the operators equals 
the sum of the dimensions, i = 2, . . . , n, of the others {£1 = J2^=2 ^i)- 
The analysis of the associated dual amplitudes in supergravity led to the 
prediction that such correlation functions should not be renormalised [128] . 
This was then confirmed by field theory calculations in [129, 130]. In par- 
ticular an argument for the absence of instanton corrections to extremal 
correlators, based on the analysis of fermion zero-modes, was given in [129]. 
Similar results have been shown to hold for next-to-extremal correlation 
functions for which = ^"^2 [131]. A more complicated class are the 
near extremal correlators, characterised by the condition £1 = J2^=2 -^i ~ ™ 
with m < n — 3. These satisfy certain partial non-renormalisation prop- 
erties [132]. which have been argued in [123] to survive the inclusion of 
instanton corrections. 
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• The Wilson loop is a particularly important operator in non-abelian gauge 

theories since it plays the role of order parameter characterising confine- 
ment. In pure Yang-Mills theory the Wilson loop is the expectation value 



of the holonomy associated with the closed contour C. A generalisation 
of this quantity in Af = 4 SYM has been constructed in [133] together 
with a proposal for the dual quantity in string theory to be associated 
with it. A special class of Wilson loops in A/" = 4 SYM are circular BPS 
loops, which are annihilated by sixteen linear combinations of Poincare 
and special supersymmetries. These Wilson loops are defined as 



where is a constant unit vector on the five-sphere and Cr is a circle of 
radius R. An elegant method for computing instanton corrections to (402) 
in the case of SU{2) gauge group was devised in [134]. The BPS Wilson 
loop is a non-minimal correlator since it is non-polynomial in the fields. In 
the SU{Nc) case its calculation in the instanton background is a formidable 
task and the SU{2) analysis of [134] has not been extended to this more 
general case. 

• In Sect. 15.2 we mentioned that certain results concerning instanton cor- 
rections to the anomalous dimensions of gauge invariant composite oper- 
ators can be obtained from the OPE analysis of four-point functions such 
as (381). On the other hand, as discussed in Sect. 13, the anomalous dimen- 
sions can be computed directly from two-point functions after resolving 
the operator mixing. Depending on the bare dimension of the operators 
one is considering two-point functions can be minimal or non-minimal. 
A systematic study of instanton contributions to two-point functions of 
scalar operator was initiated in [135]. As discussed in Sect. 13, general 
considerations, and in particular arguments based on S-duality, suggest 
that generically anomalous dimensions in A/^ = 4 SYM should receive both 
perturbative and non-perturbative contributions. A rather surprising re- 
sult found in [135] is the absence of instanton corrections to the majority 
of scalar operators of bare dimensions zio < 5. 

• Finally an important class of non-minimal correlation functions are those 
relevant for the so-called BMN limit, which is the subject of Sect. 18.3. 

16 Generalisation to multi-instanton sectors 

The generalisation of the analysis presented in the previous section to multi- 
instanton sectors is technically very involved and requires the full machinery of 




(401) 




(402) 
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the ADHM construction [19]. A detailed description of this formalism and its 

generalisation to supersymmetric theories, as well as references to the original 
literature can be found in [6]. Due to space limits we shall only report an 
important result of [121], where multi-instanton contributions to Af = A SYM 
correlation functions were explicitly evaluated in the large Nc limit. 

In the generic if-instanton sector and with gauge group SU{Nc) an in- 
stanton configuration in pure Yang-Mills theory is characterised by 4:KNc 
collective coordinates parametrising a hypcr-Kahlcr manifold, A4k- A de- 
scription of the moduli space associated with general (anti-)self-dual gauge 
configurations can be given using the ADHM construction [19]. This is based 
on the introduction of an over-complete set of matrix-valued parameters on 
Aix, satisfying non-linear constraints which can be shown to be equivalent 
to the self-duality condition for the Yang-Mills field strength. The constraints 
can be implemented describing the moduli space, A4k, and the associated 
metric by means of what is referred to as a hyper-Kahler quotient construc- 
tion [136]. In the case of the SU{Nc) Af = A SYM theory there are also SKN^ 
fermionic collective coordinates in the generic K instanton sector. These can 
be included in the ADHM formalism as matrix-valued generalisations of the 
collective coordinates introduced in the one-instanton sector, subject to suit- 
able constraints. 

As usual, the calculation of instanton contributions to correlation functions 
involves the integration over the instanton moduli space. This can be formally 
achieved integrating over the redundant set of bosonic and fermionic ADHM 
matrices and imposing the constraints via (5-functions. However, as already 
observed, the calculations are not feasible for generic K, since an explicit 
solution to the constraints is not known. 

In the case of A/" = 4 SYM these calculations are also not particularly 
enlightening since, in general, correlators receive non-vanishing contributions 
from all instanton sectors. However, a dramatic simplification occurs in the 
large limit, making the calculation of iC-instanton corrections to correla- 
tion functions feasible for arbitrary K [121]. The reason for this simplification 
is that in the large Nc limit the integration over the (super) moduli space 
is dominated by a very special configuration and can be evaluated using a 
saddle-point approximation. After the introduction of a matrix generalisation 
of the auxiliary variables x*, the saddle-point that dominates the i^-instanton 
moduli space integration corresponds to a configuration in which the K in- 
stantons have the same size and share the same location both in space-time 
and in the five-sphere directions parametrised by the x"s As in the one- 
instanton sector only the sixteen exact fermion zero-modes associated with the 
broken superconformal symmetries remain exact. The physical moduli space 
integration measure obtained using the saddle-point approximation is 



In the analysis of the fluctuations around the saddle-point it is also important 
that, as far as the global gauge orientation is concerned, the K instantons he in 
mutually orthogonal SU{2) subgroups of SU{Nc). 
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/ 



d^Sse-^'"^' (403) 

iVc— >(x> A=l 

where contains the integration over the fluctuations around the saddle- 
point. These can be expressed in terms of [K\ x [K\ bosonic and fermionic 
matrices, Am, M = 0, . . . , 9 and ^V, r = 1, . . . , 16, by means of which the Zk 
factor in (403) takes the form of the partition function of a SU (K) supersym- 
metric matrix model i.e. 



Vol SU{K) 

where 



j d^''Ad^^^e-^^^''^\ (404) 



S{A,^) = ~TrK{[AM,Aj,f+^4L,'^]) . (405) 
The partition function Zk was computed in [80, 137] with the result 

Zk = 2l7i^V2-if/2-8 ^9if^-9/2 ^-1/2 1 .^gg) 

m\K 

where the sum is over the positive integer divisors of K. 

Correlation fiuictions of composite operators in the large Nc limit are 
computed integrating their profiles in the iiT-instanton background with the 
measure (403). In particular, if the operator profiles do not depend on the 
collective coordinates parametrising the matrix model, the partition function 
Zk factors out. This is the case for minimal correlation functions of gauge 
invariant operators such as those considered in Sect. 15.2. As an example of 
this type we consider the X-instanton contribution to (374). In the large Nc 
limit the profile of the operator A"^ in the K-instanton background does not 
depend on the matrix model coordinates. It is proportional to its one-instanton 
expression, namely 



At 



_ 96^ 

K-mst [(X — Xo)^ + 



C ^KA^ . (407) 

1— inst 



Therefore one finds [121] 

/.A,, ^ Ary'i^25/2 247 3I6 ^-27/2 e2.iKr ^ 

• • • <-(xi6))K-inst = T.:^"" 

^ m\K 



This is the dimensional reduction to zero dimensions of ten-dimensional = 1 
SYM. 
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The calculation of multi-instanton contributions to non-minimal correlation 
functions, even in the large Nc limit, is much more complicated. In the non- 
minimal case the operator insertions depend on the one-instanton moduli 
and also on the matrix model variables and thus one cannot simply factor 
out Zk- It is natural to expect that in these cases, instead of the partition 
function, the integration over the Am and variables should be related to 
certain correlation functions in the matrix model giving rise to generalisations 
of (406). 

17 AdS/CFT correspondence: a brief overview 

As already mentioned, the recent renewed interest in = 4 SYM stems from 

the conjecture about the AdS/CFT correspondence [88 90]. In this section we 
provide a brief overview of the main concepts at the basis of this conjecture 
and in the following sections we review the role of instantons in this context. 

The idea of the AdS/CFT correspondence was presented in [88] and a 
more concrete formulation was given in [89,90]. Reviews can be found in [91, 
92] . In [88] Maldacena proposed a remarkable duality relation connecting two 
completely different theories, A/'=4 SYM with SU (Nc) gauge group and type 
IIB superstring theory in an AdSs x background. 

The type IIB superstring theory has Af = (2, 0) supersymmetry in ten di- 
mensions, i.e. it is invariant imdcr 32 supersymmetries. Its spectrum contains 
a finite number of massless states and an infinite tower of massive states. The 
massless spectrum is chiral. The bosonic degrees of freedom are divided into 
the so-called Neveu-Schwarz-Neveu-Schwarz (NS-NS) and Ramond-Ramond 
(R-R) sectors. The massless NS-NS sector contains a traceless rank-two sym- 
metric tensor (the graviton, qmn, M,N = 0, . . . , 9), an anti-symmetric two- 
form (Bmn) and a scalar (the dilaton, (j)). The massless R-R sector contains 
a scalar (C(o)), an anti-symmetric two-form [Cmn) and an anti-symmetric 
four- form {Cmnpq), with self-dual field strength. The massless fermions are 
the spin 1/2 dilatino (A) and the spin 3/2 gravitino (V'm)- These are com- 
plex Weyl spinors of opposite chiralities. The theory has two parameters, the 
coupling constant, related to the v.e.v. of the dilaton, Qs = e^'^\ and the in- 
verse string tension, a' . The latter sets the scale for the massive states in the 
spectrum which have masses proportional to 1/ Va'. 

The background relevant for the correspondence with A/' = 4 SYM, AdSs x 
S^, is the product of a five-dimensional anti de Sitter space and a five-sphere. 
The non-compact factor, Lorentzian AdSs, can be described as a hyperboloid 
embedded in six dimensions, i.e. in terms of six Cartesian coordinates, X^, 
i = 0, . . . , 5, satisfying the constraint 

X^-Xf Xl+ Xl = L2 (409) 

where L is the (constant) radius of curvature. This definition immediately 
shows that the AdSs space has isometry group 50(2,4). So-called global co- 
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ordinates for AdS^ are introduced setting 

Xq = L cosh p cos t , — L cosh p sin t , 

Xr = LsinhpQr, r= 1,2,3,4, ^ ^ 1 . (410) 

r 

In terms of these coordinates the metric reads 

ds^ = cosh^ pdt^ + d/9^ + sinh%df?2) . (411) 

Another convenient set of coordinates for AdSs are the so-called Poincare 
coordinates, {zi^,zo)- The zq coordinate parametrises the radial direction of 

AdS5 and the four coordinates parametrise the directions parallel to the 
boundary located at zq = 0. In terms of these coordinates the metric is 

ds^ = ^{dzl + dz^o) ■ (412) 

The AdS5 x space is maximally supersymmetric if the two factors have 
the same radius of curvature, L. The non-vanishing components of the Ricci 
tensor are 

4 4 

Rmn ~ 9mn j Rab ~ 9ab j (^f ^) 

where the indices m, n span the AdSs directions and the indices a, b the 
directions. Moreover the self-dual R-R five-form field strength has a non- 
vanishing background value 



^mnpqr — j ^mnpqr : -^abcde — ^abcde • (414) 



The conjectured duality has a holographic nature in that it relates the 

physics described by the string theory in the bulk of AdSs x to that of a 
gauge theory. A/" = 4 SYM, living on the four-dimensional boundary of AdSs. 

The first ingredient of the correspondence is a dictionary relating the pa- 
rameters of the two theories. In A/" = 4 SYM the parameters are the coupling. 
g, and the rank of the gauge group. In the string theory, besides the coupling 
constant, Qs, and the inverse string tension, a', the radius of curvature, L, of 
the AdSs and spaces enters as an additional dimensionful parameter. The 
relations among the gauge and string theory parameters are 

5^ = 4775,, L^ = 4ng,a'^N,. (415) 

The second equation can be used to relate the dimensionless ratio L'^/a''^ to 
the 't Hooft coupling, A = g^Nc, 

4^= A. (416) 

a' 
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The i^-angle, that can be turned on in the gauge theory, is related to the 
expectation value of the R-R scalar 



Given this dictionary for the parameters of the two theories, the correspon- 
dence is formulated in terms of two additional basic ingredients: 

• A map between the fundamental degrees of freedom of the two theories. 

• A prescription for the computation the observables of one theory in terms 
of those of the other. 

The map between degrees of freedom is dictated by the symmetries. The (su- 
per)isometries of the string background, under which the states in the string 
spectrum are classified, coincide with the (super)group of global symmetries 
of the gauge theory, which, as already discussed, is PS'C/(2, 2|4). The dual- 
ity associates states in the string spectrum with gauge-invariant composite 
operators in Af = 4 SYM, which have the same quantum numbers under 
the SO{2, 4) X S0{6) maximal bosonic subgroup of PSU{2, 2|4). Specifically, 
1) the Lorentz quantum numbers are identified, 2) the masses of the string 
states are related to the scaling dimensions of the dual operators and 3) the 
5*0(6) quantum numbers arising in the Kaluza Klein (KK) reduction on 
of the string theory are related to the Dynkin labels characterising the trans- 
formation of the dual gauge theory operators under the SU (4) R-symmetry. 
Supersymmetry then implies that entire multiplets are related. The simplest 
case of this relation is represented by the correspondence between the super- 
gravity multiplet, which contains the graviton and its superpartners, and the 
Af = 4 supercurrcnt multiplet discussed in Sect. 13. 

The prescription relating observables on the two sides of the correspon- 
dence is based on the identification of properly defined partition functions. 
The string partition function in AdSs x is a functional of the boundary 
values of the fields. The latter play the role of sources for the dual operators in 
the boundary gauge theory [89, 90] and one is led to propose the holographic 
formula 



^iiB[^|9AdS = J]= [dA][d\][d\][d^] exp -5Ar=4 + / O^J] . (418) 



Here denotes a generic field in the string theory and Oi> is the dual composite 
operator in M = 4 SYM according to the map previously described. 

The quantisation of string theory in an AdSs X background is not under- 
stood well enough to make really operative use of (418). However, interesting 
results can be obtained in certain limits. In particular in the weak coupling 
and small curvature limit on the gravity side, where 



(417) 




5s < 1, 




(419) 
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classical supergravity becomes a good approximation. Based on the dictio- 
nary (415) this limit corresponds to the limit of large Nc and large 't Hooft 
coupling, A, in the gauge theory. Since in the — > oo limit A plays effectively 
the role of coupling constant, one obtains a duality between classical type IIB 
supergravity in AdSs x and the strong coupling limit of A/" = 4 SYM in the 
planar approximation. This observation illustrates the strong/weak nature of 
the duality, which on the one hand makes it difhcult to test, but on the other 
makes it a powerful tool for the study of strongly coupled gauge theories. 
In the limit (419) the IIB partition function in (418) is well approximated 

by 

ZuBmoAds = J] ~ e-^"^[*l«^^^=^l , (420) 

where Sub is the classical type IIB supergravity action in the AdSs x 
background. 

In this limit the relation (418) has a simple and intriguing interpreta- 
tion. Correlation functions in the gauge theory are obtained taking functional 
derivatives with respect to the sources on the r.h.s. of (418). Using the ap- 
proximation (420), one finds that differentiating with respect to the sources 
is equivalent to solving the supergravity equations of motion with boundary 
conditions ^loAdS = J- Therefore the correspondence states that a n-point 
correlation function, (C'i(xi) • • • On{Xn)), in A/" = 4 SYM is equal to an am- 
plitude in which, for each d insertion, the dual supergravity state, is 
propagated from the bulk to the boundary point Xi. An intuitive graphical 
representation of this prescription was proposed in [90] Figure 1 repre- 
sents the supergravity amplitudes contributing to the process dual to a SYM 
four-point function, (01(3:1) • • ■04{x4)). The interior of the circle in Fig. 1 
represents the bulk of AdSs x and the circle itself is the four-dimensional 
boundary where the gauge theory lives. 




Fig. 1. Contact and exchange contributions to a four-point amplitude in AdSs x 



In the following we shall refer to processes of this type as scattering amplitudes 
in AdS. 
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A normalisable solution of the free supergravity equations of motions sat- 
isfying the boundary condition ^\dAdS = J can be written as 

<l'«(z^,zo)= J d^xK,{z^,zo;x^^)Mx^'>), (421) 

where the function Ki{z^, zq; x|t'^) is a so-cahed bulk-to-boundary propagator, 
i.e. the kernel that allows to express a supergravity field, <P, at the bulk point 
(zya, Zq) in terms of its boundary value, at (z^ = x^i]^\ zq = 0). Substituting 
the solution (421) in the generating functional (420) one obtains the following 
expressions for the two contributions in Fig. 1 

A,,^,{xu...,x^) = N^ I ^^d^Lo JlK,{z^,zo;x^^) (422) 

Axc(xi,...,x4)=iv2 / ^!i^d5tu^nn^i(^^'^o;4'^)x 

■>^G^{z,w)Kj{z^,ZQ;xf), (423) 

where Gmiz^vS) in the second amplitude, corresponding to the exchange di- 
agram, represents a bulk-to-bulk propagator in AdSs and the index m runs 
over the set of all allowed intermediate states. In (422)-(423) we have used 
Poincare coordinates, (^^,^;o), to parametrise AdSs and angles, Wj, for the 
five-sphere. In terms of these parameters the AdSs x metric becomes 

ds^ = ^ {dzl + Azl + zl dc^i) . (424) 

^0 

In (422)- (423) the overall factor of is obtained rewriting the coefficient in 
front of the IIB supergravity action in the string frame, namely jol^gl, in 
terms of Yang-Mills parameters using (415). 

In the next sections we shall discuss the inclusion of instanton effects in 
this picture. In Sect. 18.3 we shall consider another notable limit, i.e. the 
BMN limit, in which the string theory <-> field theory correspondence is under 
control beyond the supergravity approximation. 

18 Instanton effects in the AdS/CFT duality 

In the AdS/CFT correspondence the eff'ects of Yang-Mills instantons in A/' = 4 

SYM arc related to non-perturbativc effects induced by D-instantons in the 
dual IIB string theory [138]. In the low energy supergravity limit of string 
theory D-instantons arise as non-trivial solutions of the Euclidean field equa- 
tions. In ten-dimensional Euclidean space they correspond to configurations 
in which the metric (in the Einstein frame) is flat and the dilaton and the 
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R-R scalar have non-constant profiles while all the other fields vanish. As 
the ordinary Yang- Mills instantons, the supcrgravity D-instantons are char- 
acterised by their integer-valued charge. The supergravity action evaluated 
on a charge- if D-instanton configuration is proportional to K, as in the 
Yang-Mills case, and inversely proportional to the string coupling, Qs- The 
D-instanton solution of the type IIB field equations in AdSs x has similar 
properties and can be obtained from the fiat space solution [124]. In string 
theory D-instantons are identified with D(— l)-brancs, i.e. point-like objects in 
Euclidean ten-dimensional space. Their world- volume is zero-dimensional and 
therefore open strings ending on D(— l)-branes carry no propagating degrees of 
freedom. They describe instead zero-modes associated with the D-instantons 
as discussed in Sect. 11. D-branes, and D-instantons in particular, can also be 
described in terms of closed string modes as collective excitations using the 
so-called boundary state formalism. This will be utilised in a special case in 
Sect. 18.3. 

The discussion of the general principles of the AdS/CFT correspondence 
in Sect. 17 and specifically the fundamental relation (418) indicate that, in or- 
der to make contact with the calculation of instanton contributions to A/" = 4 
correlation functions, one should study D-instanton induced contributions to 
string scattering amplitudes in AdSs x S*^. In principle this involves including 
in the genus expansion of the closed string amplitudes the contribution of 
world-sheets with boundaries associated with the presence of D(— l)-branes. 
However, as already explained, in the AdSs x background such calcula- 
tions are not under control and one is restricted to a low energy supergravity 
analysis. In the supergravity approximation the inclusion of the eff'ect of D- 
instantons requires a refinement of (420) in which the classical supcrgravity 
action is replaced by the low energy effective action which incorporates the 
effect of the infinite tower of massive string excitations on the dynamics of 
the massless modes. 

18.1 The type IIB effective action 

The type IIB string theory effective action is expressed as a powers series in 
the inverse string tension, a'. It takes the form 



where S^^^ denotes the classical action and the subsequent terms contain 
higher derivative couplings, which receive D-instanton contributions. The in- 
clusion of such vertices in supergravity amplitudes in AdSs x gives rise 
to contributions which are in correspondence with the correlation functions 
discussed in Sects. 15 and 16. 

The form of (425) is in principle determined by supersymmetry. The terms 
appearing in the leading correction, S'^'^^ , have been extensively studied. The 



a' 
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couplings arising at this level include the well known TZ^ term and a large 
number of other terms related to it by supersymmetry. Schematically, in the 
string frame, the form of S*^^' is 

^(3) ^ 1 /• ^10 [/f r) in'' + {GGf + ...)+..• + 
a' J L ^ 

+/f '"'^(T,f) (G8 + ...)+... + /(i2-i2)(r,f)Ai6] . (426) 

The precise form of many of these couplings has been determined, sec for 
instance [139] where the 7?.^ coupling was studied. In the following we shall 
further discuss certain vertices which are relevant for the comparison with 
the Yang-Mills calculations of the previous sections. The coefficients in (426) 
are functions of the complex scalar, r = ti + 1x2 = C(o) + ie^"^, where is 
the dilaton and C(o) the R-R scalar. The effective action is invariant under 
SL{2, Wj) transformations acting on r as 

""^^^ (427) 



cr ■ 



where the integers a,b,c,d satisfy ad — be = 1. Under such transformations 
any supergravity field, <P, acquires a phase 



CT + d 

where q^, is the charge of ^ under the local U{1) symmetry of (425) which 
also rotates the two chiral supersymmetries [140]. In particular the metric 
and the IIB self-dual five-form are not charged, the complex combination 
G(3) = (TdB(2) + dC(^2))/V^ (where 5(2) and C(2) are the NS- NS and R~R 
two- forms) has charge 1, the fluctuation of the complex scalar, St = f, has 
charge 2, the dilatino. A, and the gravitino, iJjm, have respectively charge 3/2 
and 1/2. The coefficient functions in (426) transform as modular forms with 
holomorphic and anti-holomorphic weights {w,—w), so that 



fiir,f)^^^^j fr-""{r,f). (429) 

Invariance under SL{2, Z) requires that the weight w of the modular form in 
each term in the effective action be equal to half the sum of the U{1) charges 
of the fields in the vertex. 

The modular forms /i"''~"''(r, f) are obtained acting on /I'^'^^r, f) with 
modular covariant derivatives 

(r, t) = £>^_i£>^_2 • • • Dofi°''\T, f ) , (430) 

where = - «f • 
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The modular form in front of the TZ'^ term, /}"'°^(t, t), is given by a non- 
holomorphic Eisenstein series 

3/2 

/(°.°)(r,f)= V , ""^ „ ■ (431) 

(m,n)7t(0,0) ' ' 



a 27r2 



It can be expanded in Fourier modes as 

/r^(r,r)= •^i(^2)e2"^-=2C(3)r| + ^r-*+ (432) 

if=-CX) 

+4. I^I^M^, 1) e--(l^l--^^-) g(4.Kr.)-^ , 

where the r.h.s. is the result of a further weak coupUng (large T2) expansion. 

The non-zero Fourier modes are interpreted as D-instanton contributions 
with instanton number K [K > terms are D-instanton contributions while 
K <0 terms are anti D-instanton contributions). The measure factor, ij,{K, 1), 
is 

'"(^'1)=E;^' (433) 

m\K 

where the sum is over the positive integer divisors of K. The coefficients 
of the D-instanton terms in (432), include an infinite series of perturbative 
fluctuations around any charge- D-instanton. The leading term in this series 
is the one of relevance for the comparison with the semi-classical Yang Mills 
instanton calculations. In the case of /^"''^•'(t, f) this term is independent of T2. 
From (430) it follows that the leading D-instanton term in the modular form 

(r, f) behaves as T2 = g^^- The zero D-instanton term, J^q, contains 

only two power-behaved contributions that arise in string perturbation theory 
as tree-level and one-loop contributions, with no higher-loop terms. 

Much less is known about higher order terms beyond S^^^ in the string 
effective action, but various terms in S^^"^ are known and certain classes of 
terms at higher orders have been studied. Among the interactions at order 
a'^ we have the following 

a''S^'^=a' J di°XV^e*/2 [/f "^(r, f) ^^^7^4 ^ ^(2,-2) _^ ^4^4^ 

+fi'^'-'^\T,f)n^X'^ + f^'^'-'^\T,f)n^X'' + ■ ■ ■] . (434) 

The modular forms, f2"'~^\T, f), appearing here are generalisations of those 
previously defined. More generally at higher orders in the a' expansion one 
expects modular forms of the type 

/(0'0)(r,f)= y -JlI^. (435) 

(m,n)7t(0,0) ' ' 
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All these functions satisiy relations similar to (430). The weak coupling ex- 
pansion of /2°'°(t, t) is 

#"'(r,f) = 2C(5)7^ +g^T^^+ (436) 

+ ^ l^l'Mi^,2)e-2'^(l^l--^^-) (l + ^r^' + 

where fi{K, 2) = J2m\K V"^''• 

In the next subsection we shall discuss how the D-instanton induced terms 
appearing in the TIB effective action are related to instanton contributions to 
A/" = 4 correlation functions. In the analysis of processes dual to non-minimal 
correlators it will also be important to include the effect of the fluctuations, 
f, of the complex scalar in the modular forms f^^' ^■'(r, f). For instance re- 
writing the complex scalar as t = tq+t (where tq is the constant background 

value of r), the expansion of the D-instanton exponential factor in /i"'°''(t, f) 
gives rise to a series of the form 



H'-^rr. (437) 



Equations (437) and (426) show that at order a' in the string low energy 
action there are effective vertices of the form f TZ'^, which can contribute to 
scattering amplitudes in the AdSs x background. 

18.2 D-instantons in AdSs X and comparison with Yang— Mills 
instantons 

The discussion in the previous subsection provides the background necessary 
to analyse the processes dual to the correlation functions computed in Sects. 15 
and 16. These arc dual to supcrgravity amplitudes involving the D-instanton 
induced vertices in the IIB effective action. In order to make contact with M = 
4 SYM one needs to specialise the general expressions of the vertices in (426) 
to the case of the AdSs x background. For this purpose we shall expand 
the ten-dimensional supcrgravity fields in harmonics on the five-sphere [141] 

${X) = Y,^'^{z)yf^{.j), (438) 

where the yf^{ujys are spherical harmonics, with i denoting the level and 
It a set of 50(6) indices. After expanding the supcrgravity fields in Sff^ in 
this way the amplitudes dual to SYM correlators are computed using the 
prescription described in Sect. 17. 

In studying AdS amplitudes we distinguish again between minimal and 
non-minimal cases, characterising an amplitude as (non-)minimal if it is dual 
to a (non-)minimal Yang-Mills correlator. 
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Minimal AdS amplitudes 

The simplest minimal amplitude is the one dual to the sixteen-point correla- 
tion function (374). The operator in (373) is dual to the type IIB dilatino, 
A, and thus according to the prescription explained in section 17 we need to 
consider an amplitude with sixteen dilatini propagating to the boundary. The 
vertex in the effective action which contributes to such process is 

1 J d''XV-gc-'^/'fi'''-''\r,f)t,,X'', (439) 

where tie is a sixteen-index antisymmetric tensor contracting the spinor in- 
dices of the sixteen dilatini. The amplitude dual to (374) involves the leading 
D-instanton term in (439) (see (430)-(432)), i.e. 

di"x V^2iVi3 J2 K^^'^ E A e2-^-e-25^/2 1^^ . (440) 

K>0 m\K ^ 

The amplitude induced by this interaction is depicted on the l.h.s. of Fig. 2: it 
is a contact amplitude in which the sixteen dilatini interact via the vertex (440) 
and propagate to the boundary points Xi, . . . , Xig. 




Fig. 2. D-instanton induced minimal amplitudes in AdSs x S^. 



After introducing an explicit parametrisation for AdSs x and rewriting 
the string theory parameters, and a' , in terms of Yang-Mills parameters 
using the dictionary (415), the amplitude in Fig. 2 becomes 

^ K>0 m\K •' " 

16 

xl[y^°\uj)K^/^{z,zo;x,) , (441) 
1=1 

where overall numerical constants have been dropped and no indices have been 
indicated explicitly. In (441) we have used Poincare coordinates, (z^,zo), for 
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AdSs , with parametrising the directions parallel to the boundary and zq the 

radial direction. In terms of these coordinates and five angular variables for 
the factor, the AdSs x metric has the form (424). The ten-dimensional 
dilatino has been expanded in spherical harmonics. In the expansion we have 
retained the ground state component, dual to the SYM operator A^. yp\Lo) 
denotes the corresponding harmonic function. In (441) Ky^ denotes the bulk- 
to-boundary propagator for the dilatino, i.e. a spin 1/2 fermion with AdS mass 



_3_ 

2L 



\/^75 - (a; - z)^^!" 



(442) 



where 



Remarkably, the result (441), in its unintegrated form, is in exact agreement 
with the multi-instanton contribution to the correlation fimction (374) (cf. 
equation (379) and its multi-instanton generalisation (408)) after the integra- 
tion over the sixteen exact fermion zero-modes in the latter. To compare the 
two results one identifies the AdSs coordinates, z^^zq, with the position and 
size of the instanton and the angles with the auxiliary angular variables, 
, introduced in the gauge theory calculation. The integration over the 
position of the interaction point in the supergravity amplitude reproduces the 
integration over the M — A moduli space, which, in the large Nc limit and with 
the inclusion of the auxiliary variables, is precisely one copy of AdSs x 
The bulk-to-boundary propagators reconstruct the dependence on the mod- 
uli contained in the profiles of the Yang-Mills operators. Finally, although 
we have not kept track of all the numerical factors, the dependence on the 
parameters, g and A^c, as well as on the instanton number, AT, are in perfect 
agreement. The factors of T2 in the weak coupling expansion of the modular 
form /i^^'~^^^(t, f) give rise to the same g dependence as in the Yang-Mills 
result. Similarly the matrix model partition function is reproduced by the 
measure factor, /x(A, 1), in the modular form, see (433). The power of Nc 
in (441) follows from the application of the AdS/CFT dictionary (415), which 
gives 

^A. In o 

2'k^/'^^/n'c. (444) 



The calculation of the amplitude dual to the four-point function (381) is com- 
pletely analogous. The M = A scalar operator Q'-^bcd j^.^ ^-j-^^, 20' of SU(4) 
is dual to a linear combination of the trace part of the metric in the di- 
rections and the components of the R-R four-form potential. The scalar 
in the supergravity multiplet, corresponding to Q^bcd ^ arises at level € = 2 
in the expansion in spherical harmonics. An amplitude contributing to the 
process dual to (381) involves the TZ'^ interaction in the bulk. This is depicted 
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on the r.h.s in Fig. 2. Proceeding as in the case of the sixteen-point amplitude 
one finds that this four-point amplitude is 



where the bulk-to-boundary propagator, K4, is now the one appropriate for a 
scalar of mass squared — in AdS and the y^^'s are £ = 2 scalar spherical 
harmonics. Again the result agrees perfectly with the Yang-Mills calculation. 

The examples described here illustrate the striking agreement between 
instanton contributions to Yang-Mills correlation functions and D-instanton 
induced supergravity amplitudes. The agreement found represents one of the 
most convincing tests of the validity of the AdS/CFT correspondence. The 
ma jority of the explicit tests of the Maldaccna conjecture compare protected 
quantities which do not depend on the coupling constant and thus coincide 
with their free theory expressions. In these cases the comparison is not af- 
fected by the strong/weak coupling nature of the correspondence, but the cal- 
culations simply test that the same non-renormalisation properties are valid 
on both sides. The calculations reviewed above represent instead one of the 
few instances in which a precise comparison is possible for quantities which 
do receive non-trivial quantum corrections Such a precise agreement is 
remarkable and somewhat unexpected, since the calculations in this section 
and those in Sect. 15 appear to have different regimes of validity. It is natural 
to interpret the result of the comparison as due to an underlying partial non- 
renormalisation property [142] , whose origin, however, remains unexplained. 

Non-minimal AdS amplitudes 

The discussion in the previous subsection has a natural generalisation to the 
case of amplitudes dual to the non-minimal correlation functions of Sect. 15.3. 
In the non-minimal case the study of SYM correlators has not been gener- 
alised to multi-instanton sectors. In this section we show how the supergrav- 
ity analysis gives results which rtq in qualitative agreement with those of the 
M — A calculations in the one-instanton sector. We consider supergravity am- 
plitudes related to the two main types of non-minimal correlators discussed 
in Sect. 15.3. 

Correlators such as (395) correspond to amplitudes involving KK excited 
states in the spectrum of type IIB supergravity in AdSs x S^. The Af = 4 oper- 
ators in 1/2 BPS multiplets with lowest component a scalar of the form (346) 

The BPS Wilson loops mentioned in Sect. 15.3 provide another notable example 
in perturbation theory. 




4 



X 



(445) 
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with I > 1 are dual to KK excited states. In particular, the fermionic operator 
A^^'-^ in (396) is dual to the first KK excitation of the dilatino. Therefore the 
amplitude dual to the correlation function (395) is similar to the sixteen-point 
amplitude considered in the previous subsection, but with two of the dilatini 
in the first KK excited level. 

The other class of non-minimal correlators presented in Sect. 15.3 com- 
prises higher-point functions which have a natural interpretation as dual to 
amplitudes induced by vertices in the string effective action at order a and 
higher. However, in these cases the comparison is less straightforward and as 
will be shown shortly there are subtleties that need to be taken into account. 

The amplitude dual to the sixteen-point correlator (395) involves the same 
interaction as in (439)- (440) with the only difference that upon reduction on 
the five-sphere one selects for two of the dilatini the first excited state instead 
of the KK ground state. The diagrammatic representation of the amplitude is 
given in Fig. 3, where the double lines indicate bulk-to-boundary propagators 
for the KK excited states. The dilatini in the first KK level are spin 1/2 
fermions of mass — ^ for which the bulk-to-boundary propagator is 



Z0l5 



(446) 




Fig. 3. Contact and exchange contributions to a four-point amplitude in AdSs x 
The resulting amplitude is 

^ K>0 m\K •' 

14 2 

X n ('^) ^7/2i^' ^o; x^) n (^) Ki^2{^, z^' y,) . (447) 

i=l J=l 

where yp\uj) denotes the first excited fermionic spherical harmonic. The 
result (447) is again in agreement with the corresponding Yang-Mills calcu- 
lation (398). 
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Non-minimal amplitudes of this type, involving KK excited states, are 
generalisations of the analogous minimal ones. Apart from the appearance 
of bulk-to-boundary propagators for fields of the appropriate mass, the only 
difference is in the five-sphere integrals, because of the presence of higher 
harmonics, which are necessary to reproduce the ^2-dependence of the corre- 
sponding Yang-Mills expressions. 

The study of the other class of non-minimal amplitudes is more compli- 
cated and yields some surprises. In order to describe the main features of 
these amplitudes we focus on the example of the process dual to the cor- 
relation function (385) involving sixteen fermionic operators, A-^, in the 4 
of SU(4) and four scalar operators, , in the 10. As already observed, it 
is natural to expect that in these cases the amplitudes should involve cou- 
plings of order a'^ and beyond. The operator in (386) is dual to a linear 
combination of the NS-NS and R-R two-forms with indices in the internal 
directions. The corresponding field strength, G(3), was defined in Sect. 18.1. 
Therefore a contact amplitude involving the vertex 



represents an obvious candidate for the dual of the correlator (385). This 
process is represented in the second diagram of Fig. 4. 



Fig. 4. Contributions to the twenty-point amplitude dual to the correlation func- 
tion (385). 

This interpretation, however, leads to a puzzle. Using the dictionary (415) 
the twelve-derivative couplings at order a'^ give rise to contributions of order 
Nc ^^"^ , in fact 



which is not the behaviour expected from the Yang-Mills analysis. The leading 

1/2 

contribution to the correlation function (385) is in fact of order Nc , as follows 




(448) 




from (390)-(391). 
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The resolution of this mismatch requires the inclusion in the supergravity 
analysis of contributions of a type not encountered in the calculation of mini- 
mal amplitudes. These are exchange diagrams involving a D-instanton induced 
vertex as well as additional perturbative couplings. The relevant D-instanton 

vertices are those of order 1/a' in the expansion of the effective action, so that 

1 11 

the resulting amplitudes give rise to contributions of order A^c , see (444). 
In order to generate contributions to non-minimal amplitudes one needs to 
include in the D-instanton vertices the fluctuations of the complex scalar, 
T = To + f , as described at the end of Sect. 18.1. 

In the case of the amplitude under consideration one needs to consider the 
vertex coupling sixteen dilatini with two additional insertions of f coming from 
the expansion of the exponential factor in the modular form /i^^'~^^'*(t, f). 
The non-perturbative part of the effective vertex is 



where only the K = \ contribution relevant for the c:omparison with the 
one-instanton sector in jV = 4 SYM has been included. The amplitude con- 
tributing to the dual of the twenty-point correlator (385) is depicted on the 
l.h.s. of Fig. 4. The two bulk-to-bulk lines joining the D-instanton vertex at 
point z to the points v and w are (ff) propagators and the two cubic vertices 
are tGG couplings from the classical type IIB action. 

In evaluating this diagram, upon using dimensional reduction-like formu- 
lae as (438), one has to sum over all the contributions associated with the 
exchange of the KK excitations of the complex scalar. The coupling to the 
external three-forms restricts this sum to the states allowed by the 50(6) 
selection rules enforced by the integration over the five sphere. In the present 
case there is only one allowed contribution, corresponding to the exchange of a 
complex scalar in the second KK excited level, i.e. a state in the representation 



At first sight the resulting amplitude does not resemble the A/' = 4 SYM re- 
sult: it is an exchange amplitude requiring integrations over three bulk points. 
However, because of the specific coupling involved the integrations over the 
positions of the two cubic couplings can be performed. This is because, after 
using expressions such as (438), one can integrate by parts the derivatives in 
each of the three- form field strengths onto the f scalar, and the cubic couplings 
schematically reduce to the form 



where B is the complex combination of the NS-NS and R-R two-forms and 
the mass term comes from the derivatives in the directions. After the 
integration by parts one thus reconstructs the AdS5 wave operator acting 
on the internal bulk-to-bulk propagators which then yield five-dimensional 
(5-functions. The integrations at the points v and w in Fig. 4 can thus be com- 
puted and the exchange diagram reduces to a contact contribution. Therefore 




(450) 



20' of 50(6) ~ S'C/(4). 



(451) 
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the net effect of the exchange diagram is to give rise to a new coupling in the 
AdSs effective action of the form 

1 r d^zdzo ^-254>/2 ^2nir ^16 ^4 ^ (453) 

ffs" J 4 

where the factor of arises from the rescahng of the complex scalar, f, 
needed to make its kinetic term canonically normalised. 

The amplitude induced by this vertex (expressed in terms of SYM param- 
eters) takes schematically the form 




which reproduces the leading large A^c term in the Af = 4 result (390) with 
the correct space-time dependence. 

The amplitude involving the order a'^ vertex X^^G^ in (448) gives rise to a 

— 1/2 

contribution with the same space-time dependence, but of order Nc . This 
sub- leading contribution is interpreted as corresponding to the 1/Nc correction 
in the SYM result (390). 

The example of the above twenty-point function illustrates some features 
common to many non-minimal amplitudes. In general, unlike in the mini- 
mal cases, the amplitudes dual to non-minimal Af = 4 correlation functions 
receive several contributions. Various effects such as those described in the 
previous example need to be taken into account to show agreement between 
the Yang-Mills and supergravity calculations. More details and other non- 
minimal examples are discussed in [123]. 

18.3 Beyond supergravity: the BMN limit 

The AdS/CFT correspondence discussed in the previous sections is a very 
remarkable duality and the study of instanton effects has led to some of the 
most successful tests of its validity. In the formulation presented so far the 
duality has, however, some limitations. Because of our present limited un- 
derstanding of the quantisation of string theory in non-trivial backgrounds 
such as AdSs x the study of the gravity side of the correspondence is re- 
stricted to the supergravity approximation. Moreover, even in this regime, the 
strong-weak coupling nature of the duality makes the direct comparison of 
the two sides problematic. In this section we briefly review a very interesting 
limit of the correspondence, the so-called BMN limit [143], which allows to 
overcome both the above limitations The idea is to consider string theory 

*® Another limit that has attracted some attention is the highly "stringy" regime 
A — > where the theory exposes higher spin symmetry enhancement [144]. The 
bulk counterpart of the recombination of semi-short multiplets into long ones and 
the emergence of anomalous dimensions in the boundary theory is a pantagruelic 
Higgs mechanism termed La Grande Bouffe [145]. 
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in a background obtained from AdSs x via a special procedure known as 
Penrose limit [146]. The result of the limit is a background with the geometry 
of a maximally supersymmetric gravitational plane- wave [147]. Remarkably, 
despite the non-flatness of the metric and the presence of a R-R background, 
it is possible to quantise string theory in this geometry [148,149]. In [143] 
it has been proposed that strings propagating in this particular plane-wave 
background are dual to a certain sector of A/' = 4 SYM. The latter, usually 
referred to as the BMN sector, comprises operators of large scaling dimen- 
sion, A, and large charge, J, with respect to a U{1) subgroup of the S't/(4) 
R-symmetry group. The possibility of quantising string theory in the plane- 
wave background has made the comparison between string and gauge theory 
possible beyond the supergravity approximation, albeit only in a specific sec- 
tor of A/^ = 4 SYM. Moreover, in this limit there exists a regime in which 
both sides of the correspondence are weakly coupled, so that the strong-weak 
coupling problem is also avoided. 

At the heart of the correspondence proposed in [143] is a relation between 
the energy. E, of plane-wave string states and a combination of the scaling 
dimension and R-charge of the dual operators, which reads 

-E = A-J, (454) 
M 

where the parameter fi is related to the value of the R-R self-dual five-form 
present in the background, see (459). The validity of (454) has been success- 
fully tested in perturbation theory in a number of cases. Reviews of these 
results can be found in [150]. In this subsection we present a brief overview of 
the non-perturbative tests carried out in [151-153]. 

In order to take the Penrose limit that gives rise to the plane-wave back- 
ground we start with the AdSs x metric written in global coordinates 

ds^ = [- cosh^ pdi^ + dp^ + sinh^ pdJ7|+ 

+ cos^ d^2 + dO^ + sin^ 9 di7f ] , (455) 

where and refer to angles parametrising two three-spheres inside AdSs 
and respectively. In this coordinate system one can choose 

i± = ±-^(t±V) (456) 

as light-cone variables and define the new coordinates 

x+ = -x+ , x~ = iJ.L'^x- , P= T, ^ = f ' (457) 

fx Li Li 

where pL is an arbitrary scale. The Penrose limit is obtained sending L to 
infinity while keeping x^,p and y "fixed". The resulting metric is that of a 
plane- wave 
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ds^ = 2da;+da;- - 



(458) 



where x^ , I = 1, . . . , 8, are Cartesian coordinates such that x^x^ = + y'^. 
The original AdS^ x background has also a non-zero self-dual R-R five- 
form (414), which after the hmit has non- vanishing components 



with indices 1, 2, . . . , 8 corresponding to the x^ directions 

The plane-wave background preserves the same (maximal) amount of su- 
persymmetry as the original AdS5 x S^. In fact at the level of the super- 
isometries the Penrose limit corresponds to an Inonii-Wigner contraction 
The supergroup of isometrics resulting from the contraction of PS'C/(2,2|4) 
is PSU(2\2) X PSU(2\2) x [/(I) x U{1) with maximal bosonic subgroup 
F(4)2 xS'0(4) x50(4) x C/(l) x U{1), where F(4) denotes the four-dimensional 
Heisenberg group [147]. In the following we shall denote the two 50(4) fac- 
tors with 50(4)c and 50(4)^?, where the subscript refers to the fact that 
they are subgroups respectively of the conformal group and the R-symmetry 
group of the dual A/^ = 4 SYM theory. The states in the string spectrum can 
therefore be labeled by quantum numbers characterising their transformation 
under SO{A)c x 5*0(4);} x U(l) x U{1). These are identified with two pairs 
of spins, {si,S2; 81,82), and the light-cone energy and momentum, (p+,p_), 
associated with translations in the x+ and x~ directions. 

A very remarkable feature of the plane-wave background is that it allows 
the quantisation of string theory in the Green-Schwarz (GS) formalism '^^ As 
shown in [148] , in the light-cone gauge the plane- wave GS string is described by 
a (massive) free world-sheet theory. This allows to carry out the quantisation 
essentially in same fashion as in flat space. The string action constructed 
in [148] is 



where the mass parameter m = /xp^a' has been introduced. In (460) the X^'s 
denote the transverse coordinates of the string and the index / = 1, . . . , 8 is 
in the 8v of 50(8). The 5""s and 5"'s, a = 1, . . . , 8, are GS fermions. These 
are 50(8) spinors of the same chirality in the 83. The matrix IT is a product 

Notice that the metric (458) is SO{8) invariant, but the background value of the 
five- form breaks this symmetry down to 50(4) x 50(4). 
More precisely this contraction should be called a Saletan contraction [154]. 
*® By "quantisation" we here moan the determination of the spectrum of states with 
p- 7^ 0, with p- > for incoming and p- < for outgoing states. Interactions 
and the spectrum of states with p_ = are much subtler and not fully known 
even at tree level. 



-F+1234 = = 2/i 



(459) 



5 = 
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of 50(8) 7-matrices, 11 = 7-^7^7^7^. As usual in the light-cone gauge the 
non-physical components have been eliminated setting X"'"(cr, r) = 27ra'p_r, 
whereas X~{a, t) is expressed in terms of the X^'s using the so-called Virasoro 
constraints which follow from consistency with the equation of motion for the 
world-sheet metric. 

Since (460) describes a free theory the equations of motions lead to a 
standard mode expansion. For instance for the transverse bosons one finds 

X^((7, r) = cos(mT) Xq-\- — sin(TOr) + 

where 



LUn = sign(n) \/ mn? + -n? . (462) 

The GS fermions have a similar mode expansion with coefficients which will 
be denoted by S^^ and 5J„. 

Upon quantisation the coefficients in the expansion of the world-sheet fields 
give rise to creation and annihilation operators for the states in the string spec- 
trum. In order to construct the physical creation and annihilation operators 
the 50(8) oscillators need to be decomposed under SO{'\)c x SO{'\)ii. Massive 
excitations of the string are associated with non-zero oscillators. The bosonic 
ones, and a^, are in the 8v which decomposes as 8v — » (4; 1) ® (1; 4), and 
one obtains 

^ <, a^:+^ ^ al, <+^ neZ, n^O, (463) 

where i = 1, 2, 3, 4 and /x = 0, 1, 2, 3 are vector indices in 50(4)^ and SO{A)c 
respectively. The fermions are in the Sg which decomposes into {2]^;2l) ® 
(2^; 2/{). The fermionic oscillators are decomposed using the projectors P± = 

5« ^ 5± = P±5« , St = P±S^ , (464) 

which yield spinors with S0{4:)c x 50(4)/{ chiralities {+, +) and (— , — ). 

The zero-modes in the expansion of the world-sheet fields are treated sim- 
ilarly. The bosonic ones, Xq and pg, associated with the transverse position 
and momentum of the string, are combined into 



,7 



a 



i — {p{^ - i|m|4) and a^^ = —^l={p'o + i\m\x^o) . (465) 
^/2\m\ -y/2 



These are then decomposed as in (463). The fermion zero-modes, Sq and So, 
are combined into 

e = ^{So+iSo) and 6 = ^{Sq - iSo) (466) 
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and then further decomposed as 

eL^R = p+.-e, eL.R = p+,-e. (467) 

The Fock space of states is built on a vacuum, = |0,p_)ft,, defined as 
the state annihilated by Or, Ol, and all the non-zero oscillators of posi- 
tive frequency. This is a non- degenerate bosonic state of zero mass usually 
referred to as the BMN vacuum. The fermionic zero- modes 6l and Or are cre- 
ation operators and generate the supergravity multiplet acting on \0)h [149]. 
The bosonic zero-modes a^^ create Kaluza-Klein-like excitations. The massive 
string modes are created by combinations of non-zero oscillators with nega- 
tive frequencies, «!_„, ot'^^, a''^^, S^^ and acting on the BMN 
vacuum. Physical states, |s)phys) are subject to the level matching condition 

(AT-iv) |s)phys = 0, (468) 

where the left and right moving number operators are defined by 

n=i V^" / 



OO 



71 = 1 



N = yi—a'ai + nSlJ^ 



n 



(469) 



The string theory Hamiltonian can be expressed in terms of the above oscil- 
lators as 

2p_H = m [a'^a' + 9191 + 919%^ + 

OO 

+ [aUai + al,ai+u^k[s<^_,Sl+~S'^_,St)] . (470) 

fc=i 

From the form of the Hamiltonian (470) it is straightforward to compute the 
free string spectrum. The mass of a generic massive string excitation is 

1 OO 

-M= - V (7V + iv) |a;„|, (471) 

it TO V / ' ' 

n— 1 

with ujn defined in (462) and to = fip-a' . 

In the following our discussion will focus on massive string states, which 
are more interesting in the context of the duality with A/" = 4 SYM since 
their masses receive quantum corrections. For simplicity we shall restrict our 
attention to states created by the a!_„ and a!_„ oscillators 

k) = "-^n, • • • • • • "i™, • • • • • • 10)/. , (472) 

with = TOg to satisfy level-matching. 
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As has been mentioned before, the states in the spectrum are charac- 
terised by the their SO{4)c x S0{4:)ji quantum numbers, besides their mass 
and hght-cone momentum. As in the original formulation of the AdS/CFT 
correspondence the quantum numbers associated with the symmetries on the 
two sides also dictate the map relating string states to composite operators 
in AA = 4 SYM. Equation (457) leads to the following identifications 

-H=-p+ = -id+ = -i{dt + d^)^V-J 

M (473) 

.- = -ia__(a.-a,)^^(P + J), 

where, as usual, L"* = -iirgsN^a'^ . Equations (473) relate the string light-cone 
energy and momentum to linear combinations of the dilation operator, D, 
and the generator, J , of the U{1) subgroup of the S'f/(4) R-symmetry singled 
out in taking the Penrose limit. From the above relations it follows that in 
the L — > oo limit string states with finite energy and light-cone momentum 
correspond to SYM operators with values of T) and J satisfying 

Zi^oo, J^oo, A- J finite . (474) 

Operators with these properties form the BMN sector of A/" = 4 SYM. The 
explicit form of the operators dual to states in the plane- wave string spectrum 
was proposed in [143]. The starting point for the construction of such operators 
is the definition of the dual to the BMN vacuum which is identified with the 
operator 

O = Tr iZ-^) , (475) 

v/ja7 ^ ^' ^ ' 

where Z is the complex combination of the A/" = 4 scalar fields with J = 1 for 
which we choose Z = 2(p^^ (see (337)-(338)). The operator (475) has A-J = 
as expected for the dual of a zero energy state. Operators corresponding to 
the other states in the string spectrum are obtained inserting in the trace 
in (475) "impurities" , i.e. other elementary fields in the J\f = 4 fundamental 
multiplet. The action of each creation operator on the string side corresponds 
to the insertion of an impurity of a certain type In particular the operators 
dual to states of the form (472) are 



O 



J;ni...nk I , J+k 



X ^ e 

pi,...,Pk-l=0 
piH hPfc-l< J 



J 

27ri[(niH \-nk-i)pi + {n2-\ \-nk-i)p2-\ \-nk-iPk-i]/ J 



For this reason the string excitations are also often referred to as impurities. 
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where the integers rii correspond to the mode numbers of the string state 

and the action of the creation operators in (472) is in correspondence with 
the insertion of impurities, ly?*, for which we have the definitions 



(477) 



The four real scalars, (^*, transform in the (1; 4) of S'0(4)c x 5*0(4) and the 
map between the operators (476) and the string states (472) is determined by 
the S0{4:)ii quantum numbers. 

To make the comparison between string theory in the plane-wave back- 
ground and the BMN sector of A/" = 4 SYM possible at a quantitative level 
one has to consider the large Nc limit. The combination of the large Nc limit 
with the limit of large A and J, implies that new effective parameters, A' and 
g2, arise [143, 155, 156], which are related to the ordinary 't Hooft parameters, 
A and by a rescaling 

A' = V, .2 = ^. (478) 

These in turn are related to the parameters of the plane-wave string theory 
by 

= {np-a'f = — , ATrgsm^ = 52 • (479) 

The double scaling limit defined by (474) and iVc — > 00 with J"^ /Nc fixed 
connects the weak coupling regime of the gauge theory to string theory at 
small Qs and large m. The property that in this limit physical quantities can 
be expanded in powers of the effective parameters. A' and 52, is referred to as 
BMN scaUng. 



Instanton effects in the BMN limit 



Tests of the BMN limit of the AdS/CFT correspondence consist in verifying 
the validity of the relation 

-H = 'D-J. (480) 

This is an operator relation and it requires that the eigenvalues of the two 
sides be equal, i.e. masscis of states in the plane- wave string spectrum, rcscalcd 
by a factor of ji, should equal the combination Z\ — J for the dual operators. 
In general the comparison requires the resolution of a mixing problem, i.e. the 
diagonalisation of the operators in (480). 

Conventionally left-moving modes correspond to rij > and right-moving ones 
to Ui < 0. 
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The quantum corrections to the string mass spectrum are extracted from 
two-point amphtudes. At the perturbative level calculations of such am- 
plitudes have been performed using string field theory methods. The non- 
perturbative corrections that we are interested in are induced by two-point 
amplitudes in which the external states are coupled to D-instantons. These 
quantum corrections to the string masses should be compared to instanton 
corrections to the eigenvalues of the operator T) — J ^ i.e. to the anomalous 
dimensions of BMN operators since the charge J is not renormalised. 

The leading D-instanton contribution to a two-point amplitude is obtained 
coupling the external states to two disconnected disks, with Dirichlct bound- 
ary conditions, localised at the same space-time point. This is schematically 
depicted in Fig. 5. 



Fig. 5. Leading D-instanton contribution to a two-point scattering amplitude. 



The D-instanton in the plane-wave string theory can be described as a 
collective excitation of elementary closed string oscillators using the boundary 
state formalism [157]. The construction of the D-instanton boundary state in 
the plane-wave background follows closely the approach used in [158] for the 
light-cone GS string theory in flat space. The boundary state describing a 
D-instanton with transverse position will be denoted by jj^:^))- It is defined 
by the following gluing conditions 

(a^-ai„)||z^))=0, 

/ (481) 
where the matrix M„ is 

M„ = -Kl-m7J), (482) 
n 

with (jj„ given in (462). The explicit expression for \\z^Jj is [157] 

\Y/)) = (47rm)2exp ( £ —o^\5cl^ - ^5^,Mfe^^ J llz^))o , (483) 



where ll2^))o denotes the zero-mode part 
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\\z'))^=e-\"'\^-')"l^e'^\-'-'\W-"\Q)jj (484) 

s.nd\Q)D = 9iei9iemh. 

The plane-wave background is maximally supersymmetric, i.e. it is invari- 
ant under 32 supersymmetries. These are divided into sixteen kinematical 
supersymmetries, which do not commute with the string Hamiltonian, and 
sixteen dynamical ones, which commute with the Hamiltonian. The bound- 
ary state (483)- (484) is annihilated by eight kinematical and eight dynamical 
supersymmetries as a consequence of the conditions (481). The other half 
of the supersymmetries acting on \\z^^ generate the fermion zero- modes of 
the D-instanton. These are represented by the open strings attached to the 
boundary of the disks in Fig. 5. We shall denote the combinations of kinemat- 
ical and dynamical supersymmetries which act non-trivially on the boundary 
state by (gL,te) and Q~ respectively. The bosonic collective coordinates of 
the D-instanton correspond to its position in the ten-dimensional plane-wave 
geometry. 

In order to compute a two-point amplitude of the type represented in 
Fig. 5 one needs to construct a state that includes the full dependence on the 
collective coordinates of the D-instanton and couplers to two external states. 
We shall refer to such a state as a "dressed two-boundary state" . The latter 
describes the two disks in Fig. 5 and is obtained considering the product of two 
boundary states associated with distinct Fock spaces but located at the same 
position, . The "dressing" corresponding to the inclusion of the dependence 
on the bosonic and fermionic collective coordinates is achieved acting with 
the bosonic and fermionic generators of the broken symmetries. Denoting the 
two Fock spaces with indices 1 and 2, the dressed two-boundary state can be 
written as 

\\V2]Z,ri,e)) = ei^+iPi++P2+)Qiz-iPi-+P2-) ^ (435) 

X [ri (or + <3^)]* [ei {qiL + q2L)t i^L {qil + q2L)t \\z^))i O \\z^))2 , 

where z = {z^ , z^ , z~) is the ten-dimensional location of the D-instanton and 
the SO{8) spinors 77 and e= (e^, cr) denote the fermionic collective coordinates 
associated with the dynamical and kinematical supersymmetries broken by the 
D-instanton. 

The two-point amplitude that we are interested in is obtained coupling the 
dressed two-boundary state to a pair of external physical states and integrat- 
ing over the bosonic and fermionic collective coordinates of the D-instanton. 
Denoting the incoming and outgoing states by |si) and |s2), the one-particle 
irreducible part of the amplitude is 

A = cgl'^e''^'^ j d^z&z+ Az- d?r,A^e{{s^\<^ {s2\)\\V2\z,r},e)) , (486) 

where c is a numerical constant which has not been explicitly computed 

and the measure factor, gj"^ o^'"" , follows from the comparison with the D- 
instanton induced contributions to the low energy effective action. 
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As an example of amplitude of the type (486) we consider the leading D- 

instanton contribution to the case in which \si) and \s2) arc particular states 
in the class (472). Specifically we consider 5*0 (4) singlet states with four 
impurities 

(Sl I ® (S2 I = Sijkl Si'j'k'l' X 

X H{0\a^:M^^a^rlM^^ ® .(Ola^r . (487) 

where the prefactors ensure that the states are normalised to one. A generic 
four impurity state has three independent mode numbers, after imposing the 
level matching condition. In (487) we have made a special choice: each of 
the states contains two left- and two right-moving excitations with pairwise 
equal mode numbers. This is because only states of this type couple to a D- 
instanton at leading order in gg. This is a general property of D-instanton 
induced amplitudes: because of the way in which the creation operators enter 
in (483)- (484), the boundary state couples only to states with the same number 
of left- and two right-moving oscillators with pairwise matched mode numbers. 

To proceed with the calculation of the leading D-instanton contribution 
we insert (487) into (486). The general strategy for the calculation of such 
amplitudes consists in expanding the Wz-')) factors in the dressed boundary 
state in a power series retaining only the terms which do not annihilate the 
product (g) (S2I on the left. The integration over the collective coordinates 
2+ and z~ imposes conservation of light-cone energy and momentum. Because 
of the non-linear dispersion relation (462) energy conservation requires that 
the mode numbers in the incoming and outgoing states be equal. Of the 
remaining integrations those over the eight transverse z^'s and over the eight 
e fermionic moduli are trivial in the case of external states of the type we are 
considering ^'^ . The non-trivial part of the calculation is the integration over 
the eight fermion moduli 77 

(si I ® (.2 1 / d^ [r?(Or + Q2 )] ' exp ^ — {a^y^a^y^+ (488) 
+a^-W^l) - i(5«M„5« + S^^ImJ^^j] |0)i ® 10)2 . 

These integrations induce a coupling between the two disks, since the dy- 
namical supercharges, Q^, which couple to the ry's depend non-trivially on 
the non-zero string oscillators. The calculation is greatly simplified when one 
considers the large m limit relevant for the comparison with A/" = 4 SYM at 
weak coupling. Since in this limit Af„ ^ m, the dominant contribution to the 
amplitude with external states (487) is obtained retaining in the expansion of 
the boundary state two SMS factors on each disk and distributing the eight 



They give rise to (5-functions which in the present CEise simply integrate to one. 
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Q 's evenly on the two disks. After some lengthy but straightforward algebra 
one obtains 

where 

= (e'^*^' + 5'''5^^ - 5'^S^''){s''^''''^' - 5^^' 5^''-' + 5''^' 5^'''') . (490) 

In the case of the amplitude (489) the only contribution comes from the term 
containing the product of two £-tensors in (490) and one gets 

A{ni , na) = 576 e^'^'^ ^J/^ . (491) 

The same integral (490) arises in the calculation of two-point amplitudes be- 
tween other 50(4)0 X 5*0 (4) singlet four-impurity operators and in these 
cases the terms involving Kronecker ^'s in Z^-'*^''* ^ ' can contribute. 

The result (489) is the leading non-pcrturbativc correction to the one 
particle irreducible part of the two-point amplitude and thus it yields the 
D-instanton correction to the mass matrix for states of the form (487) 

1 2-KiT 7/2 7 7/2 

l^M^^yg-'f =^ y . (492) 

The SYM operators dual to the states in (487) are a special case of (476), 
i.e. four impurity SO{A)c x SO{A)ii singlets. They are given by 



^nkl 2-Ki[{m_+n2+n3)p+{n2+n3)q+n3r]/J ^ 

J+i 



p+q+r<J 



X Tr 



In order to compute the one instanton contribution to the matrix of anomalous 
dimensions for such operators one considers the two-point function 

nin2n3 {X2)) . (494) 

The calculation proceeds as in the case of the correlators discussed in Sect. 15. 
In the semi-classical approximation one needs to compute the classical profiles 
of the operators Cnin2rt3 and (5mim2m3 and integrate them over the instanton 
moduli space. The profiles of the operator (493) and of its conjugate contain 
2 J + 8 fermion zero-modes each and thus (494) is non-minimal according to 
the terminology introduced in Sect. 15. 
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Although the calculation of the two-point function (494) presents no new 

conceptual difficulties, it involves rather complicated combinatorics associated 
with the distribution of the exact and non-exact fermion zero-modes in the 
two operators. Each of the two operators should soak up eight of the sixteen 
superconformal modes in the combination (C^)^(C^)^(C^)^(C^)^i while the re- 
maining modes are of type and u^. Expanding the trace in (493) and in 
the conjugate operator one obtains a large number of terms satisfying this 
requirement. The double limit Nc oo, J oo, with j'^/Nc fixed, simpli- 
fies somewhat the analysis. The dominant contributions in this limit come 
from certain specific distributions of the fermion modes. The large limit 
requires that all the z/'^z/^ bilinears be in the 6, sec (394). Moreover at large J 
the leading contributions to the operator profiles come from terms in which as 
many of the superconformal modes as possible are provided by the Z's and Z's 
rather than by the impurities. This is because one gets roughly a multiplicity 
factor of J associated with every Z oi Z providing one such mode. Taking 
into account these simplifications the calculation of the profiles of Onin2n3 ^^'^ 
Omim2m3j albcit rather tedious, is feasible. Eventually the dependence on the 
collective coordinates in all the relevant terms in the profile of the operator 
Or,., reduces to 



[(ari-aro)2+p2]J+8 



{f?^'u'^y[{e)\0'{e)'{C')']{x,). (495) 



Similarly all the terms in the classical profile of Cmim2m3 which contribute in 
the BMN limit contain the following factor 



[(ar2-aro)2+p2]J+8 



{p^'u^^y[{e)'iey{c'y{c'y]{x.). (496) 



After factoring out the dependence on the collective coordinates the depen- 
dence on the mode numbers, rij and rrij, is determined by sums of the form 

,7 

K{ni,n2,n3;J) = e2'^*K"i+"^+"=')f+("=+"^)«+"="'l/-^ x (497) 

p,g,r=0 

Jp(p - 1)(P - 2)(p - 3) + ^qp{p - l){p - 2) + • • 

where each term contains combinatorial factors and ci,C2, . . . are numerical 

coefficients. 

The two-point function (494) is thus 
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p5 - XqY + p^Y+^[{X2 - XqY + p2] J+8 

X /d^d«^-n [C-^(X1)]'[C^(X2)]'X 
■' A=l 

X j d^Q [Q'^'^Y {Q'^^Y [K{nx,n2,n3-,J)K{mx,m2,mi,J)] . (498) 

where c{g, Nc, J) contains the dependence on the parameters arising from the 
normahsation of the operators and the moduU space integration measure, as 
well as the factors of g\/Nc obtained rewriting the {i'^i'^)e bilinears in terms 
of the angular variables f2^^ . In the large J limit the sums in (497) can be 
approximated with integrals. For instance the first term becomes 

J 

^2^i[(ni+n2+n3)p+{n2+n3)q+nsr]/Jp^p_^^^p_2^^p_^-^ (499) 



p,q,r—0 



JM dx / dy dz 
Jo Jo Jo 



^2Tri[(ni+n2+n3)x+(n2+n3)y+n3z] ^4 



From (498) and (499), recalling the analysis in Sect. 15, one can deduce the 
dependence of the two-point function on the parameters. There are numerous 
sources of powers of g, and J in the calculation, but remarkably the final 
result can be expressed only in terms of the parameters g2 and A', as required 
by BMN scaling. In detail one gets 



V 

norm, operators 

J7 



measure 



{gVK)'-' 
J- " 

N V " 


1 










integrals 


integrals 



2mT 7/2 --S^+ii? /cnn\ 

e = 52 6 . (500) 



which is in agreement with the A' and (?2 dependence of the string theory 
result (489). 

The simple mode number dependence of the string two-point amplitude 
is more complicated to reproduce. In the SYM two-point function the depen- 
dence on the integers rii and ruj is contained in the functions K{n\,n2, n^; J) 
and K{m.i,m.2.m:i, J) defined in (497). Each term in these sums receives a 
large number of contributions resulting in very complicated expressions. How- 
ever, combining all the contributions leads to impressive cancellations and a 
very simple result. In conclusion the one-instanton contribution to the two- 
point function (494) can be written in the form 
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32/ ■)7/2g--^+w ^ ^ 

G{xi,X2) = 13/0 7 7 / 2 \j+A log [^^^12] , (501) 

z^^TT^-^/^ (nin2mim2) (a;|2) + j v ' 

where Tl is a scale that appears as a consequence of the logarithmic divergence 
in the xq and p integrals, which signals a contribution to the matrix of anoma- 
lous dimensions. Notably the result is only non-zero if the mode numbers in 
the two operators are equal in pairs, again in agreement with string theory. 

Prom the coefficient of (501) one can read off the contribution to the matrix 
of anomalous dimensions. The above calculation is not sufficient to determine 
the actual anomalous dimension of the operator (493) since this requires the 
diagonalisation of the matrix of two-point fmictions of all the operators with 
the same quantum numbers. However, all such two-point functions are ex- 
pected to have the same dependence on A' and 52 found in (501). Therefore 
one can conclude that the behaviour of the leading instanton contribution to 
the anomalous dimension of four impurity 50 (4) c x S'0(4)i{ singlet operators 
is 

7/2 -^-i') 
Tinst ~ /' '".2 ' (502) 

in agreement with (492). In view of the complexity of the calculation this 
result provides a striking test of the BMN proposal. 

A number of other two-point string amplitudes and their dual correla- 
tion functions have been studied in [151-153]. The many interesting results 
obtained in these papers can be summarised in the following statements. 

• Four impurity operators in other representations of SO{4)ii and the 
corresponding string states have two-point functions which behave as 
(A')^ (,92)^''^ cxp(— 877^/(72 A' + ii}), i.e. they are suppressed by two powers 
of A' with respect to those in the singlet sector. 

• Two impurity operators have the same suppression. The calculation of 
instanton contributions to two-point functions of two impurity operators 
in A/" = 4 SYM is rather subtle because in order to saturate the integrations 
over the superconformal modes one needs to use the classical solution for 
the scalar fields involving six fermion modes, ip^^'' '^^ . 

• Supergravity states and their KK excitations do not couple to the D- 
instanton boundary state and thus, as expected, their masses do not receive 
non-perturbative corrections. This result is far from obvious in the gauge 
theory and requires non-trivial cancellations which have not been explicitly 
verified. 

• (D-)Instantons contribute to the mixing of states in the NS-NS and R-R 
sectors of the plane string theory ^"^ . 

• Instanton contributions to two-point functions of certain operators dual 
to R-R string states, i.e. operators with an even number of fermionic 



Unlike in flat space, in the plane-wave background this mixing occurs also in 
perturbation theory beyond tree- level [153]. 
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impurities, involve inverse powers of A'. Although this behaviour is rather 
surprising, it is not pathological in the A' ^ limit because the inverse 
powers of A' are accompanied by the instanton weight exp(— 87r^/A'52)- 
These two-point functions vanish in perturbation theory. 

It is notable that many of these results can be straightforwardly obtained in 

string theory where they arc easily deduced from properties of the D-instanton 
boundary state, whereas they are much more complicated to obtain from a 
field theoretical calculation in jV = 4 SYM. 



19 Conclusions 

We would like to conclude this long review by highlighting the many top- 
ics where Gabriele's contributions along the years have been at the heart 
of the theoretical developments that have made our understanding of non- 
perturbativc effects of field theory so deep and powerful. 

Conceptually, perhaps the most important contributions in this direction 
have been his works on the foundation of the notion of effective action in 
a supersymmetric framework. The effective action for the jV = 1 SYM the- 
ory [29] and its extension to SQCD [30] are milestones along the way of dealing 
with the non-perturbative structure of field theory. These works appear as an 
immediate extension and generalisation of the approach established for the 
description of the low energy degrees of freedom of QCD [27,28], as soon as 
the fundamental role of anomalies was recognized [57,159,160]. The validation 
of the famous Witten-Veneziano formula [161] for the Vj mass, yielded by lat- 
tice simulations [162], and the explicit instanton calculations, carried out in 
various instances in supersymmetric theories [4], have beautifully confirmed 
the predictive power of the effective action approach both in a supersymmetric 
and in a non-supersymmetric context. 

Together with many other important, independently derived, results [21], 
these ideas have proved to be of enormous impact on the way we think today 
of possible extensions of the Standard Model. 

We cannot end this review without mentioning what we consider the most 
important step of modern physics beyond field theory, namely the construction 
of the dual Veneziano amplitude [109] , which is expressed by the remarkably 
simple formula 



It is unanimously recognized that (503) represents the founding paper of String 
Theory. It took some time to realise that the infinite tower of "resonances" 
exchanged in the s and t channel are the excitations of an open bosonic string 
living in 26 dimensions. Planar duality, A(.s, i) = A{t, .s), and the UV softness 
of the amplitude are exposed quite neatly by its geometric interpretation in 




(503) 
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terms of vertex operators inserted on the boundary of a disk. The presence of 
a masslcss vector excitation has brought String Theory to be the most cred- 
ited candidate for the unification of all interactions, including gravity. In this 
respect, the graviton comes in as the massless excitation of the closed string 
spectrum and its vertex operator is a sort of "square" of the vertex operator for 
the massless vector of the Veneziano amplitude. That open strings might be 
considered more fundamental than closed strings is something which seems 
to emerge in all modern approaches, where D-branes and their open string 
excitations are used to describe interactions mediated by gauge bosons. We 
want also to recall that in a somewhat more distant context string excitations 
have been shown to be able to account for the microscopic degrees of freedom 
of Black Holes, thus yielding what is considered today the only satisfactory 
solution to the holographic puzzle of Black Hole thermodynamics [163]. 

In the present review we have briefly sketched the enormous simplification 
that open strings bring into the ADHM construction of instantons. However, 
for lack of space we had no chance to stress the far-reaching consequences of 
ideas underlying the Veneziano amplitude in the quest for unification and in 
the process of clarification of the many puzzles of quantum gravity. We dare to 
conclude by saying that we expect the Veneziano amplitude to be among the 
basic blocks of any consistent formulation of the fundamental laws of Nature. 
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A — Notations 
• Generalities 

We work in Euclidean metric with g^^, = 5^^. Factors of the gauge cou- 
pling constant, g, will be explicit everywhere. We are interested in computing 
expectation values of gauge invariant (possibly multi-local) renormalisable, 
composite operators, i.e. functional integrals of the type 



where p can be either a Dirac or a Weyl-Dirac operator (see below) and Z 
is a similar functional integral with O replaced by the identity operator. 

• Yang— Mills action 




(504) 
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The pure Yang-Mills action has the form 

Sym = 1 f d^'x Tt[F^.F^,] = - j d'^xY, K^K'^ ' (505) 

■'a 

F^, = T'^F;, , F^^ = d^A, - d^A^ + ig[A^, A,] . (506) 

• Some group theory formulae 

In (505) the matrices = Tj^^, a = 1, 2, . . . , iV^ - 1 are the SU{N^) 
generators in the fundamental representation, Nc- In general the generators, 
Tr, in the (irreducible) representation R are normalised according to the 
formula 

Tr [T^T^] = £[R]r\ (507) 

with i![R] the Dynkin index of the representation. It is customary to normalise 
generators in the Nc, Nc and Adj representations so that 

4Ne] = 4Nc] = \ , ^[Adj] = N, . (508) 

Taking the trace of the equation which defines the quadratic Casimir operator 
of the representation R 

^R^R = C2 [R] Idim(R) xdiin(R) , (509) 

a 

and using (507), one gets the useful relation 

C2[R]dim(R) = £[R]dim(G') . (510) 

• Dirac fermions 

The Euclidean action of a Dirac fermion, tjj, ■ijj, in the representation R of 
the gauge group SU (Nc) takes the form 

5df = J d^x ^jjrDl^^illM" , r, s = 1, . . . , dim(R) , (511) 

where Dirac indices are understood and 

DlA^^d^Sl-giT^Y.A';,. (512) 

In (511) hermitean 7-matrices are used, satisfying the anti-commutation re- 
lations {7^,7,4 = 2(5^^. 

• Weyl fermions 

The Euclidean action of a Weyl fermion, A° , {a,a = 1, 2) belonging to 
the adjoint representation of the gauge group SU{Nc) takes the form 

SwF = I d'x~XlD;'[Adi]a;'^Xi , (513) 



138 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi 



where 

Df[Adi]=d^S^''-gr''^A'=^, (514) 
g-p = (l,~'icrfe) , (515) 

with (T/c the Pauh matrices. It is also useful to introduce the matrices (cr^)ati 

£7^ = (l,i(7fe). (516) 

and the definitions 

{(^111^)^ = -^{cr fj^aa^"'^ - CTuaa^'fl'^) , (517) 
= ^(^^^-^ad - ^^^T^«d) . (518) 

• The SYM action 

The Euclidean action of the minimal Af = I supersymmetric gauge theory 
(Super Yang-Mills, SYM), ^sym, when written in components, is simply given 
by the sum of (505) and (513). The classical action is invariant under the Ux{l) 
R-symmetry [164] 

A^e'"A, untouched. (519) 

Quantum mechanically this symmetry is anomalous with 

J(^) = 2^£[Adj]^F^^F^, = 2iN,^F^J^, , (520) 

Jl^^=K^rK, (521) 

but has a non-anomalous discrete subgroup 

= {zk = e'"" , ak = 2nk/2N^ , fc = 1, 2, . . . , 2iVj . (522) 

This important statement can be proved in different ways. An elegant proof 
makes use of the (natural) extension of SYM in which a "d term is added to 
the action (sec last section of Appendix C). In this situation mider a f/A(l) 
rotation of the gluino fields in the functional integral, we get the (anomalous) 
WTI 

(Oi(a:i)...0„(,x„))('') =(0i(xi)...0„(x„))(''+2^="). (523) 

Since the theory is classically invariant under such a rotation (the transfor- 
mation u(a)OkU^{a) = cxp {irika)Ok, with i]k the Ux{l) charge of Ok leaves 
invariant the correlator if the vacuum is annihilated by the unitary operator 
u{a)), the only effect of the transformation is to change the value of the ^? 
angle. The change does not affect physics if 



2Nca = 2mr , n € Z . 



(524) 
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Clearly this result holds for any value of thus also at = 0. 

When written in superfields, the SYM action takes the form [164] 

SsYM^ J d'^xd^eTvlWaW], (525) 

W„ = -i52(e-s^Z?„e«^), (526) 

v{x, e) = c{x) + en{x) + 9fi{x) + ^e'^s{x) + ^e'^s{x) + 

+ eaf'eA^ix) + ^9^e\{x) + ^e^e~x{x) + ^e'^PD{x) + ... , (527) 

where dots stand for terms that can be expressed as derivatives of the fields 
already present in (527). 

• The SQCD action 

The Euclidean action of the M — 1 supersymmetric theory which more 
closely resembles QCD is obtained by coupling in a supersymmetric and gauge 
invariant way to the SYM supcrmultiplet Nf pairs of matter chiral superfields 
fields (/ = 1,...,]V^, r = l,...,iV,) 

<!>){x) = 4>}{y) + V2rC/(y) + e^F}{y) , t/^ = + iOa^e, (528) 

^l{x) = U{y) + ^e'^i'Uy) + o^F^iv) . (529) 

belonging to the representations Nc and Nc, respectively, of the gauge group. 
In this way the gauge invariant mass term 

5sQCD = Eh/ / d^xY,i^fr.f+m} I d^x5]c^7 + 

f •' ar ar 

+ |m/|2 / A'xY.i^^^ff + ~4rn] (530) 

■' r 

can be constructed. The rest of the action is completely standard and can be 
found in any textbook or, for instance, in [4]. 

• The "flavour" symmetries of the SQCD action 

I) The classical SQCD action is invariant under the U\{\) R- 
symmetry [164] which now transforms in a non-trivial way gluinos and 
scalars according to 

A^e'"A, (/)^c"'0, 4>^^^"4>i + complex conjugate , 

A^, V'jV'> untouched. (531) 



C/a(1) is sometimes also called U^'^ {1) [25], where PQ stands for Peccei- 
Quinn [165], because it is anomalous and classically unbroken even at non- 
vanishing masses. 
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The Ux{l) R-symmetry of SQCD is anomalous with the same anomaly as in 
SYM (see (520)). Again only the Z2jVe subgroup is unbroken. With respect to 

the SYM case jj^^^ must now be augmented with the inclusion of the matter 
contribution and reads 

= ^d^f ^« + E { '^/] + \.^f ^ ^^'] } • (532) 

/ 

II) The massless theory with Nf flavours possesses a global SU{Nf) x 
SU{Nf) X C/y(l) X Ua{1) symmetry. The chiral SU{Nf) x SU{Nf) symmetry is 
broken by matter mass terms. For instance, if all masses are equal (mj = m), 
the unbroken subgroup is the diagonal vector group Uv{Nf), while, if all 
masses are different (mi ^ m2 ^ . . . ^ ruf), the leftover unbroken subgroup 
is [/(l)^/. 

III) The Ua{^) transformation 

{(fyj-ip) c^°'{(f),tp) , {(pjtp) ^ e^"{(f),tp) , + complex conjugate , 
A , Afj, , untouched . (533) 

is classically a symmetry at vanishing masses, but it is quantum-mechanically 
anomalous with 

J(^) = 2iNf^F^^F^^ , (534) 

4""^ - E { [^d^f V-a/ + <j>f] + [{<i>f, V/) - {4>^, V^O] } • (535) 

/ 

IV) Often, instead ofUx{l), the linear combination 

UR{l) = luxil)-luA{l) (536) 

is introduced because the associated current belongs to the current supcrmul- 
tiplet [166]. This classical symmetry is anomalous and from (520) and (534) 
we see that the associated current obeys the anomaly equation 

= i{3N, - Nf)^F;^F;^ . (537) 

V) It is possible to construct a non-anomalous, exactly conserved current, 

out of the two anomalous currents J^"^^ and (see (535) and (532)). 
One finds 

Ji^^=-N}j'i^^+Njl''). (538) 

The transformations induced on the fields by the associated f^^(l) symme- 
try (538) are 
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{(p, (p) e'(^"^-^/)"(0, (^) , i^) e'^-^iip, i)) , + complex conjugate , 
A — > e~'^'='*A , + complex conjugate . (539) 

VI) In the Table below we recollect for convenience the charges of elemen- 
tary and composite gauge and matter fields under the various ?7(l)'s we have 
introduced. In the last two rows we report the coefficient of the anomaly of 

2 

the associated current in units of Q = 325^2 -Fi^iz-P^i/ and we indicate whether 
the conservation of the current is broken by mass terms or not. 



Field 


SU(Nf) 


SU{Nf) 








f/A(l) = [/;'^(l) 


Uv{l) 


A 


1 


1 





3/2 


-Nf 


1 







Nf 


1 


1 


1 


iVc 





1 




Nf 


1 


1 


-1/2 


Nc~Nf 


1 







1 


Nf 


1 


1 


iVc 





-1 




1 


Nf 


1 


-1/2 


Nc-Nf 


1 







1 


1 





3 


-2Nf 


2 







Nf 


Nf 


2 


2 


mc - Nf) 


2 





Anomaly 


/ 


/ 


2Nf 


3iV, - Nf 





2N, 





Mass term 


Yes 


Yes 


Yes 


Yes 


Yes 


No 


No 



Table 1. The SU{Nf) x SU{Nf) quantum numbers and ?7(l)-charges of elementary 
and composite fields of SQCD. The anomaly associated with each (7(1) current is 
given in units oi /2>2'i{^ F^^F^^. In the lEist line by "Yes" ("No") we mean that the 
corresponding symmetry is (is not) broken by the presence of mass terms. 



• Gluino zero modes 

The explicit expression of the 2Nc gluino zero modes endowed with the 
correct normalisation J A""(a;)A°*(a;) = 1 is (the index counting the 

2Nc zero modes is indicated in parenthesis) 

{>Xk)yM = -(<5?<5I - e^'erk)p\f{x)f , k = l,2, (540) 
(A«(«))?(a;) = --±-af{x-xo)^{6:;^6^^ - e'^^eMf{x)f , d = 1,2,(541) 
{Xf^,^m = -^i6^St±e'^^5ri)p{f{x)f/^, z = l,...,iVe- 2, (542) 
with 

[X — Xo)^ + 

The first four modes are SU (2) triplets, while the last 2{Nc — 2) are doublets. 
The four triplets can be directly generated from the expression (24) by acting 
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on it with anyone of two supersymmetric and two superconformal transfor- 
mations that are unbroken in the background instanton field. They arc often 
called "exact zero modes" in the literature, see for instance [121] and refer- 
ences therein. This name originates from the following observation. Effectively 
the overall field configuration which is relevant for the kind of computations 
we have presented in Sect. 4 (see Sect. 14 for further applications) is given by 
the gauge instanton solution, the associated set of fermionic zero modes and 
the expression of the scalar fields that arc obtained by solving their linearised 
classical e.o.m., i.e. the e.o.m. that result upon neglecting the quartic scalar 
self-interaction terms. The reason for neglecting such terms is that the latter 
would give rise to contributions of higher order in g compared to the leading 
ones we have been keeping. When the action of the theory is computed in this 
approximation and on the above field configuration, it just happens that the 
result does not depend on the fermionic collective coordinates associated with 
the four SU (2) triplet zero modes of (540) and (541). The other fermionic zero 
modes will give origin to quartic terms in the remaining 2{Nc — 2) fermionic 
collective coordinates (see Sect. 14). 



B - Bosonic collective coordinates and functional 
integration 

In this Appendix we want to explain how one can compute the pure gauge 

part of the functional integration in the semi-classical approximation around 
a non-trivial instantonic background. We will follow the method of [10], which 
neatly explains how to deal with the problem of bosonic zero modes and the 
consequent need of introducing collective coordinates. 

In the semi-classical approximation one starts by expanding the (gauge) 
action around the (instanton) classical solution, keeping only terms up to 
quadratic fluctuations. Setting 

A^=Aj^ + Q^, (544) 

one gets in this way 

Sym = S'-^J d^xTv[Q^M^,4A')Q,] + 0(g3) , (545) 

where 

S' = ^\K\, (546) 
9 

M^4A') = -D\A')5^. + D^{£)D,{A') - 2[F^^„ • ] , (547) 
D,{A')=d,+g[Al.]. (548) 



Instantons and Supersymmetry 143 



The operator M^^{A^) has quite a large manifold of (normalisable and 
non-normalisablc) zero modes. Not only it is annihilated by all the func- 
tions of the form Dj,{A^)F{x), as a consequence of gauge invariance, but 
also by the 4|/r|A^c normalisable vectors that are obtained by differentiat- 
ing the instanton field configuration with respect to the 4|fir|Afc parameters, 
Pi, i = 1, . . . , 4|ii'|A^c (bosonic collective coordinates in the following), upon 
which the most general classical solution depends The existence of such 
zero modes is immediately proved by noticing that by differentiating the clas- 
sical instanton e.o.m., ((5-S'ym/<5^/h)>i^ = 0) with respect to /3i, one gets 



dAUx',0) 



^j^dAi{x,(3) 
df3i 



M^^A' y "^^'^^ =0, i = l,...,A\K\N,. (549) 



The most elegant way to deal with an operator with such a kernel was worked 
out some time ago in [10]. The idea is to functionally integrate over all fluc- 
tuations, Qfj,{x) = Afj^{x) — Ajj^{x,(3)^ , that are orthogonal to the manifold 
described by Aj^{x, /3)^ when U spans the space of topologically trivial gauge 
transformations, Qo, and the parameters /3i are let to move in their allowed 
range of variation. In more mathematical terms the latter manifold is called 
the "instanton moduli space" . 

The orthogonality conditions (549) are imposed by a straightforward gen- 
eralisation of the usual Faddeev-Popov (FP) procedure [167] which consists 
in introducing in the functional integral the identity 



1 = £ n ^/^"(^) n S{ < {A, - A^iPf^), > ) X 

x6{<{A.-Ai{Pf^),^^^>), (550) 

where Z\fp is the FP determinant. In (550) we have used the short-hand 
notation 

<f^.,9^.>=\j d^a;TVAdj[/^(a;)5^(a;)] (551) 

for the scalar product < •, • > induced in the space of functions by the form of 
the gauge action. After some algebra (see [168] for details) (550) can be cast 
in the more expressive form 



Wc arc referring here to the SU (Nc) gauge group case. In the one- instanton sector, 
|i^| = 1, the collective coordinates are the size and the location of the instanton 
and its ANc — 5 "orientation angles" in colour space [9,20,23]. 
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l = ^Fp/ Hv^iih'^ix)] I l[df3,6(Tr[T-D^iA'){A^ixfl-Al^ix,P))] 
Jan„ „ Jm A ^ 



^5{<{A^^-Alm,^-^>), (552) 

which shows that we are naturally brought to work in the instanton back- 
ground gauge. Z\fp can be shown to have in the semi-classical approximation 
the expression 

ZiFP = det:;^[ - D\A'r'5{x - y)]deti,, [ < a«(/3), a^^\(3) > ] , (553) 

where the o*^*)'s (i = 1, 2, ... , 2\K\Nc) are the mutually orthogonal (see next 
subsection) vectors 

af{x,[i) = - D,{A)[D^iA)]-'D,{A)\^^^^,^ " ^^^^^ 

We will indicate by | \a^^^ \ \ their norm in the metric induced by the scalar prod- 
uct (551). The vectors a^i]l\x,f3) are not exactly the fmictions dA^^{x, [3) / dj3i. 
They differ from the latter by a term which makes them to fulfill the equation 

D^{A')af{x,p) = Q, (555) 

i.e. which makes them transverse with respect to the covariant derivative in 
the instanton background. 

Putting everything together and noticing that the orthogonality condi- 
tion among the vectors (554) makes immediate the computation of the factor 
dctij-[< a'*) (/3), a'^^ (/3) >] in Z\fp, one finally gets for the v.c.v. of a gauge 
invariant operator, 0{A), in the semi-classical approximation around an in- 
stanton configuration with winding number \K\ the expression 



where 



/27r 

X e-h H^^'^''vQ^M^j Q'^Aet[-D'^{A^)]5{Df{A^)Q^^)0{A^) , 

Z\s.c. = j Pg^e-3 /'i'-d*^«''^o;i.Q^det[-a2](5(a^Q«) , (557) 

X^-/- = -D\A')6^. - 2 [F;^^, . ] , (558) 
M'oi-^ = -dX^. (559) 

Z\s.c. is the necessary normalisation factor which, in order to be consistent 
with the approximation we are working in, must be evaluated by expanding 
the action around the trivial solution of the field e.o.m. keeping only terms 
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quadratic in the fluctuations. Note that to make more transparent analogies 

and differences between (556) and (557) we have named the integration 
variable also in (557). M.^^' (A^q^^) is the gauge fixed operator that gov- 
erns the quadratic fluctuations of the gauge field in the instanton (trivial) 
background and dct[— _D^(A^)] (dct[— 9^]) is the associated FP determinant. 

One can formally perform the gauge functional integrations in the r.h.s. 
of (556), getting 

)'^( AlW 

■ 0{£) , (560) 



/27r 

{det'[Mf^f-])-idct[-DHA^)] 



(det[M^:^,])-^det[-52] 

where tib = 'i\K\Nc is the number of bosonic zero modes and fj, is the sub- 
traction point (see below). The prime on det'[A^^/] is to mean that the 
determinant should be taken in the space orthogonal to the manifold spanned 
by the zero modes (554). 

A number of observations are in order here. 

1) As is seen from the above equations, by the method of [10] one is 
naturally led to the background gauge fixing condition D'^'' {A^ )Q''^ = 0. 

2) One must imagine that the above functional integral has been computed 
in some regularisation. In those instantonic computations it is customary to 
work in the Pauli-Villars (PV) regularisation [2], where a ghost-like field with 
mass fj, (but opposite statistics) is introduced for each fundamental field in 
the action (gluons, FP-ghosts and, if present, fermions). The net effect of the 
presence of PV regulators is that the result of the functional integration over 
quadratic fluctuations will have the form of a product of factors, with each 
term being the ratio of the determinant of each particle quadratic operator 
divided by the associated PV-ghost determinant (raised to the appropriate 
power according to multiplicity and statistics). 

3) When the limit /z ^ oo is taken, the only left-over /x dependence is 
the multiplicative factor /x"^, ub = ^K\Nc. This factor comes about because 
of the following reason. There is a one-to-one correspondence between the 
eigenvectors (and the eigenvalues) of analogous operators in each ratio of 
determinants, except for the zero modes. There is, in fact, a mismatch between 
numerator and denominator in the sense that there are some (actually Ub = 
4:\K\Nc) eigenvalues in the PV-denominator that do not have their counterpart 
in the "primed" determinant in the numerator. This leaves out precisely a 
factor (^^) 2 for each bosonic collective coordinate (and actually a factor /x~ 2 
for each Woyl fcrmion zero mode, sec (23) in Sect. 2.3). 

4) The factor l/-\/27r for each bosonic zero mode appears for a similar 
reason. In fact, the integrations that give rise to the product of eigenvalues 
finally leading to the various bosonic determinants are all Gaussian in the 
(quadratic, i.e. semi-classical) approximation in which we are working. Since, 
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as we noticed above, there is a one-to-one correspondence between physical 
modes and PV modes, all the factors v^27r will compensate between the numer- 
ator and the denominator, except for the factors coming from the integration 
over the PV-modes that are in correspondence with the bosonic zero modes. 
The reason is that no Gaussian integration is associated with the bosonic zero 
modes, as the latter were replaced by integrations over the related collective 
coordinates. In this way a factor l/\/27r for each bosonic zero mode will be 
left in the denominator. 

5) In principle one can go beyond the semi-classical formulae (556) 
and (560), including perturbatively O(Q^) ~ 0{g) and O(Q^) ~ 0{g'^) cor- 
rections that were neglected before. As is well known, perturbation theory in 
an external field is perfectly well defined and fully renormalisable. 

Bosonic zero modes 

We close this Appendix by reporting in the case = 2 and K = 1 the 

explicit expression of the 4|_fr|A'^c = 8 "transverse" bosonic zero modes and of 
their norms. One finds (y = x — xq) 

«r^=4(y)MPT^' ikr^ii=t' (561) 

One can check that these vectors are mutually orthogonal. 
C - Quantum tunneling 

The emergence of the quantum tunneling phenomenon in the presence of in- 
stantons is most easily and rigorously explained in the Schrodinger functional 
formalism [169], where the theory is formulated in terms of a "propagation ker- 
nel" which expresses the probability amplitude to find the gauge field config- 
uration {x) ^ {Af^ (a;) , ?; = 1, 2, 3) at the final time t = T/2, if the gauge 
field configuration at the initial time t = —T/2 was A^^^x) = {A^p {x) ,i = 
1,2,3). 

The Schrodinger functional in the temporal gauge 

The Schrodinger kernel is most expressively written in the temporal 
gauge [170]. As a result of making use of the Faddeev-Popov procedure, one 
can show that in the formal continuum language it takes the form 

^® For the lattice regularised formulation of the Schrodiugcr kernel - more commonly 
called Schrodinger functional in that context - see [171]. 
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xexp[-5yM[A,Ao = 0]] , (562) 

where Uo[h] = exp{iT°-h°') e Go with 5o the group of the time-independent, 
topologically trivial gauge transformations (i.e. those that tend to the group 
identity at spatial infinity) and Vfilh^x)] is the invariant Haar measure over 
SU{Nc) at each spatial point x. The integration over the spatial components 
of the gauge field is extended to all configurations that satisfy the boundary 
conditions A{x,T/2) = [^(2) (a;)J'^"[''(=^)l and A{x,-T/2) = A^^^x). 

The gauge integration over Qq plays a crucial role in the formalism as it 
has the effect of projecting out from the kernel all the states that do not 
satisfy the Gauss' law constraint. In fact, since the Gauss' law operator is the 
generator of the time- independent topologically trivial gauge transformations, 
only the states annihilated by it will appear in the spectral decomposition of 
A:[A(2), T] [170], for which we can then formally write 

/C[A(2), A(i);T] =J2e-''-^^n[A^'^]{K[A^'^]r , (563) 

n 

where 

H^n[A]=EMA], (564) 
A(A)'^^^^fn[A]= 0. (565) 

The last equation is indeed the statement that the eigenstates of the Hamil- 
tonian appearing in the spectral decomposition (563) are left untouched by 
time-indcpcndcnt gauge transformations that tend to the identity at infinity. 
In fact, from the invariance property 

UO mn [A] = 1'n [A^" ] = I'n [A\ , (566) 

Uo[h] = exp ( - y c]?x {Dfh\x))jJ^) , (567) 

the Gauss' law (565) follows by expanding (566) in powers of h{x), if the 
latter function vanishes as oo, i.e. precisely if Uo[h] e Qq. An equivalent 

way to prove this statement is to observe that the Schrodinger kernel enjoys 
the invariance properties 

The first equality follows from the invariance of the Haar measure, as the Uo 
gauge transformation can be reabsorbed in the integration measure over Qq. 
The second equality is an immediate consequence of the previous equation 
and the invariance property 
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IC[{A^^'>f,{A^^^f;T]=JC[A^^\A^^^;T], U G Go (569) 

which in turn follows from the observation that any time-independent gauge 
transformation acting on the boundary fields can be reabsorbed by the change 
of variables A ^ A' = A^ in (562). The invariance property (569) can be used 
to show that the Qo gauge integration in (562) can be equally well performed 
over the time-independent gauge transformations acting on the boundary field 
at t = -T/2. 

Emergence of the t? angle 

We finally notice that the states i^n also siipport a unitary representation, 
Uj^, of the abelian homotopy group n3[SU{2)) ~ 713(83) = Z. Since the 
Hamiltonian, H, and Uj^ commute, they can be simultaneously diagonalised. 
Thus on their common eigenvectors (for a while we will keep calling them 
we have 

U,^4A] = tf'„[A^-] = e-'^^K^nlA] . (570) 
Consistency with the group property 

implies 

naturally leading to the emergence of a i^-angle 
be indicated by '^^^ [A\ in the following. 

Classical vacua and quantum tunneling 

The classical vacua of the theory are immediately identified as the gauge 
configurations for which the classical Hamiltonian 

H = jd?x [^A'iA'i + ii^^.i^^) (573) 

vanishes, thus as time- independent (A° = 0) pure gauges (F^" = 0). This 
simple argument shows that there are infinitely many "vacua" labeled by an 
integer, K ^ TL, which is telling us which homotopy class the K-Va. vacuum 
belongs to. 

In Euclidean time the one-instanton {K = 1) solution interpolates between 
adjacent minima, i.e. between pure gauge configurations with winding number 
difl^ering by one unit The formulae (12) and (13) can then be immediately 

Multi-instanton solutions with \K\ > 1 connect vacua with winding numbers dif- 
fering by exactly \K\ units. They have an action (see (546)) which is exponentially 
small with respect to the one-instanton action. In the approximation we are work- 
ing, their contribution is automatically taken care of by the exponentiation of the 
onc-instanton contribution implicit in the spectral formula (563). Incidentally this 
is the way in which within tlic Sclirodinger functional formalism the "dilute gas" 
approximation [3, 12] is recovered. 



(571) 

(572) 

States should (and will) then 
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proved. Since = 0, one successively gets, in fact 

d^xKo{x,+oo)- J d^xKo{x,-oo) ^ n+ - n_ . (574) 



.9^ 



167r2 

The last equality follows remembering that at very large (positive and nega- 
tive) times Kq cx tijk^T:[AiAjAk\ with A a pure gauge. 

The classical vacuum degeneracy is removed by the quantum mechani- 
cal tunneling between adjacent minima occurring with an amplitude oc 
exp(— S^) = exp(— 87r2/(/2). A band spectrum is generated with the lowest 
energy eigenstates and eigenvalues given by 

<)[^]=5:e-^^%r[A], (575) 
Eo(t?) = ao -|-/3ocosi?, (576) 

where, at the leading order in T^, !f'Q^^[A] is the perturbative vacuum state 
functional "centered" around the K-ih minimum of the energy, i.e. around a 
pure gauge field with winding number K and ao, /3o are computable constants 
proportional to the spatial volume of the system. 

It is not too difficult to prove the result (576). We start by observing 
that, once quantum tunneling has been recognised to take place, the spectral 
decomposition of the Schrodinger kernel can be written in more informative 
form (En^/d^E^) 

/C[A(2),aW;T]= r"d^9Ve-^^W^-Z'f)[A(2)](!Z.f)[^(i)])*. (577) 
Jo n 

For the purpose of our calcidation it is enough to take A^^) ^nd A^^^ as 
pure gauges. At this point only their winding number matters and we can 
simplify our notation by writing the Schrodinger kernel and the associated 
state functionals in the form K\K^'^^ ,K^^^\T\ and respectively. In 

this notation (570) becomes 

O^f ) [0] = \K\ = e-^'^^O^f ^ [0] , (578) 

where, we stress, "0" means a pure gauge configuration with K = 0. 

To leading order in the instanton tunneling amplitude, we only need to 
evaluate the kernels IC[K, K;T], IC[K,K + 1;T] and IC[K +1, K; T], as all the 
others should be considered exponentially small to this order 

IC[K,K';T] = 0, \K-K'\> 1. (579) 



In order to proceed further we first note the relation 
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1C[K,K+1;T] = {IC[K + 1,K:T])* = 

= r M V [KWf^ [K + l])*e-^^('')^ = 
Jo f, 

fl-K 

= / d^e^'' Vtf'|")[0](tf'|"'[0])*e-^^W^, (580) 
Jo I, 

that follows from (578). Since wc arc interested in computing the energy 
of the lowest lying state, we shall take T very large, keeping however 
Texp(— 877^/5^) < 1. Expanding the exponential of the energy up to terms 
linear in T, one finds 

Jo 

= Wo-^M'l'^^e'''{l - Eom + 0{T')) = 

= -T|<-T-[0]py^ ^e'''Eo{^) + OiT'), (581) 

IC[K + 1,K;T] = -T\^l^ [0]f ^e-*''^o(^?) + 0(T2) , (582) 

Jo 

K[K,K-T] = |<-^-[0]|2 - T\^l^-[Q\\^j^ |^£;o(^) + 0{T^) , (583) 

where the first equality in (581) follows from the fact that in the semi-classical 
approximation one has 

= ^Wl-^m? ■ (584) 

We conclude from (579), (581), (582) and (583) that the coeHicient of the 
terms linear in T has only the three non-vanishing Fourier components of 
order ±1,0. Thus Eo{'&) is precisely of the form (576). 

Adding a i?-term 

It is instructive to see what happens if a i^-term is added to the gauge action. 
In this case the contribution 

J d^xF;,F;,{x) (585) 

should be included in (505) It is easy to prove that such an action describes 
a world with a well defined i^-angle (obviously equal to the value appearing 
in (585)). Prom the formula (see (562)) 

^® Notice the presence of the imaginary unit in front of this term even in Euclidean 
metric. 



Instantons and Supersymmetry 151 
/CW[A(2),A«;T]= / TTl?/x[/i(a;)];e('')[(A(2))C/oN^^(i).2^]^ (58q) 

exp [ - Sym[A, Ao = 0]- j d^x f;,f;^{x)\ , (587) 

one checks, in fact, that under a homotopicaUy non-trivial (timc-indcpendcnt) 
gauge transformation with winding number K, acting, say, on the boundary 
gauge field at T/2, the Schrodinger kernel is not invariant (recall the situation 
in the absence of a i^-term, (569)), rather one has 

X:W[(yl(2))C/^^^(i).T] = e-'^''/CW[A(2), A«;T] . (588) 

This result (which incidentally implies that physics is invariant if we replace 

with + 27r) follows from the fact that the; exponent in (587) is not invariant 
under such gauge transformation. Obviously the YM action is invariant, but 
the second term is not. The reason can be traced back to the fact that the 
vector K^, in (8) is not gauge invariant. Under the time independent gauge 
transformation in (588) one finds, in fact (recall that we are in the temporal 
gauge) 



327r2 



167r 



j d'x [f;,f;J^- = if^ /d'^ [i^o[(A(^))^-] - MA(% = 

J d^x [Ko[A^^^] - Ko{A^''^]\ + (589) 



+S If^^MdiU, uidju, uid,u,] = ^ J d'^x +k. 

From the spectral decomposition of IC'-^\ one concludes that (578) holds for 
each state appearing in it, thus proving the announced statement. 



D — Decoupling 

The physical content of the Applcquist -Carazzonc theorem [42] is that in an 
asymptotically free theory a heavy particle (i.e. a particle with ruf ^ A) 
should "decouple", that is to say, it should not influence physics at energies 

E < THf. 

The most important (for us) consequence of this statement is that one can 
relate the A parameter of an SU (Nc) gauge theory with Nf flavours to that 
of the theory with Nf — 1 dynamically active flavours, which is obtained after 
the mass of one of the flavours (say the Nf-th one) has been sent to inflnity. 
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The running of the coupUng constant of the two theories is guided at 1-loop 
by the evolution equations (the dependence of bi on Nc is understood) 

^^^^^^ - ' (590) 



87r2 h^N/iogn/Ai^f) 

glf-M _ 1 



87r2 6i,jv,-ilogM/^(^/- 



1) 



(591) 



A necessary impUcation of decoupHng is that for m/ ^ yl(^/-i)^ the 
running of in the theory with Nf flavour must change from the behaviour 
in (590) - when /i is sufficiently larger than m/ - to that in (591) - when /x is 
well below it. The equality of the coupling constants at ~ m/ (required by 
smoothness) leads to the sought relation 

Notice that, since we are assuming that is larger than both A^'^^^^^^ and 
yl(A'/)^ from (592) it follows > A^^f\ This relation is pheriomeno- 

logically quite important. It is telling us that, when the energy scale, E, of 
a process goes through the production threshold of a particle of mass m/, 
since the running of the coupling constant switches from that of (590) to that 
of (591), it just happens that the value taken by the effective coupling con- 
stant , g1f{{E) , that controls the process is always the largest between gl^^ _ ^ [E) 
and glf^ (E) for all values of E. 



E - Flat directions of massless SQCD 

In this Appendix we want to elucidate the structure of the vacuum manifold of 
massless SQCD. The theory possesses the (non-anomalous) symmetry group 
(see Table 1) 

G = SUL{Nf) X SUniNf) x Uv{l) x U^{1) . (593) 
Any field configuration of the type 

A^ = X = ij = i; = tp = tp = 0, (594) 
D'^ = f/{TYr4' - M^Tr'^t'^ = (595) 

has vanishing energy, thus it is to be interpreted as a classical vacuum state. 

Non-renormalisation theorems ensure that this configuration is stable against 
perturbative corrections (but, as we have seen, not against non-perturbative 
instantonic corrections). 
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For the appHcations it is important to determine the solutions of (595). 
In order to simpHfy the discussion, it is convenient to separately examine the 
case Nf < and Nf > N^. 

• For Nf < Nc it can be easily seen that (up to symmetry operations) the 
most general solution of (595) is given by 

^^"^ ' \ otherwise ^ > 

If the w's arc all non-vanishing the gauge symmetry is broken from the original 
SU{Nc) group down to SU{Nc - n/). In the special case Nf = N^-l the 
gauge symmetry is completely broken. Among the quark superfields, {2Nc — 
Nf)Nf of them become heavy owing to the super- Higgs mechanism, while 
the remaining N'j will contain the Goldstone bosons of the various broken 
global symmetries, as well as their superpartners. The pattern of surviving 
symmetries will depend upon the detailed values assumed by the v^s in (596). 
• For Nf > Nq the analysis of (595) is a bit more involved. The result is that 
(up to symmetry operations) the most general pattern of scalar v.e.v.'s that 
makes D" vanish is 

m = I 

where b is an arbitrary constant. For non-zero Vr the gauge symmetry is 
completely broken and N"^ — 1 quarks become massive by the super-Higgs 
mechanism. Again the detailed pattern of surviving symmetries depend on 
the particular values taken by the scalar v.e.v.'s (597) and (598). 

We wish to conclude with a comment. As we have seen, the vacuum man- 
ifold is not compact. This is due to the fact that the symmetry of the set of 
supersymmetric vacua is a certain complexification of the symmetry group of 
the Lagrangian [172]. In fact, any rescaling of the massless scalar fields, al- 
though not a symmetry of the theory, when applied to a vacuum configuration 
leads to another acceptable, physically inequivalent, vacuum. 

F - AT = 2 Lagrangian and supersymmetry 
transformations 

Rigid M =1 supersymmetric theories consist of two kinds of massless multi- 
plets. Vector multiplets and hypermultiplets. 

Vector multiplets contain a vector A^, two spinor gaugini and a complex 
scalar <^ all transforming in the adjoint representation of the gauge group. 
Vector multiplets are described by chiral superfields usually denoted by A 
whose d expansion schematically reads 



otherwise (^^'^) 

l<f<N, 
otherwise 
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A{x, 9) = a{x) + 0;A^(x) + + • • • . (599) 

Higher order terms in 6^ with r = 1, 2 can be expressed as derivatives of the 
lower ones. 

The Lagrangian of pure M =2 SYM theory is given by 



L = jd^ej'iA), (600) 

where J^{A) is a group invariant function of the chiral superfields. Renormal- 
isabiUty restricts J^{A) to be quadratic 

so that 
and 

LAr=2 = Imro TV Qf^.F'*" + iAVf^A, + D^cpD''<p^+ 

+ [</),</)t]2+A'-[</)t,A,]+A'-[<^,A,]^ . (603) 

The Lagrangian L_\f^2 is invariant under Poincare transformations (up to total 
derivatives), under U{2)ji R-symmctry transformations and under the global 
N = 2 supersymmetry transformations 

5A^ = rfu^Xr + v'^o-^Xr 

S(t> = rj^'Xr , (604) 

where A^ is the gauge potential associated with the field strength F^,^. R- 
symmetry indices are raised and lowered with the symplectic matrix s'^^. 



G - BPS configurations 

The acronym BPS, for Bogomol'nyi-Prasad-Sommefield, was initially intro- 
duced to designate certain solitonic solutions in non-supersymmetric quantum 
field theories. The simplest configuration of this type is a symmetric monopole 
arising in the Georgi-Glashow model [173] describing a SU{2) gauge field 
coupled to a scalar field in the adjoint representation. The Lagrangian of the 
model is 
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C = -^Fi;;^F'""' + ^Df,^''D>'^''-j{^"^" -v^y, a = 1,2, 3, (605) 

with gauge coupling constant e. As shown by 't Hooft [95] and Polyakov [96], 
in the Coulomb phase, i.e. in the presence of a v.e.v. for the adjoint scalar, the 
theory admits monopole solutions characterised by an integer- valued topolog- 
ical charge. Static finite energy configurations have vanishing scalar potential 
at spatial infinity. The condition for the vanishing of the potential defines a 
two-sphere, = -y^ Therefore for such configurations the scalar field 

provides a map from the two-sphere at spatial infinity into the two-sphere 
of the Higgs vacuum. This map defines the second homotopy group of S^, 
772(5'^) = Z. As a result, the magnetic charge, g, associated with a solution 
of the field equations satisfies a Dirac quantisation condition. Denoting by B 
the non-abelian magnetic field with components -B"' = ~5^*'''^^jfc' finds 

g = J B dS = ^ J dE' eif^e'^bc^'^d^^^d''^'' = ^ , (606) 

where the integer n is the winding number determined by the behaviour of 
the Higgs field at spatial infinity. 

No exact solution to the complete non-linear field equations is know ex- 
plicitly, even in the simplest case of gauge group SU{2). However, the analysis 
can bo drastically simplified taking advantage of the implications of a general 
bound on the mass of field configurations with non-vanishing winding num- 
ber known as the BogomoVnyi hound. For a static field configuration with 
vanishing electric field, E"-'^ = — = 0, the energy (mass) satisfies 



M = 



> i y dV {B" - D^^ f + vg , (607) 
implying the bound 

M>vg. (608) 

Minimal energy configurations saturate the bound and thus should have van- 
ishing potential and should satisfy the first order Bogomol'nyi equation 

B" = D^" . (609) 

The first explicit example of solution to (609) with M = vg is the spherically 
symmetric one constructed by Prasad and Sommcrficld [98]. Following their 
analysis the expression BPS saturated has been used to designate solutions to 
the field equations saturating the Bogomol'nyi bound. For dyons with electric 
and magnetic charges e and g respectively the bound generalises to 

M>v{e^+gy/^. (610) 

A comprehensive review of the physics of solitons and monopoles in gauge 
theory can be found in [174]. 
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H — Extended super algebras, central charges and 
multiplet shortening 

In the context of supersymmetric theories certain short multiplets which cor- 
respond to special representations of the supersymmetry algebra (see also 
Appendix A) are referred to as BPS multiplets. States in such multiplets sat- 
urate a generalisation of the Bogomol'nyi bound (608), which relates their 
mass, M, to their "central charge" . 

The M = 1 supersymmetry algebra in £> = 4, 

{Qa,Qa}=^<TLP^^, {Qa,Q0}=O, (611) 

admits no central extension. Generalised (non scalar) central charges associ- 
ated with the existence of domain wall configurations may appear, but they 
carry Lorentz indices. 

Extended supersymmetry algebras, on the other hand, admit non trivial 
bona fide central charges, usually denoted by Z. The = 1 superalgebra (611) 
can be generalised to 

{QtQaB} = iS^BKaPf^' {Qt Qff} = ^a/S , (612) 

where A, B = l,...,Af arc supersymmetry indices and the central charges, 
Z"^^ , satisfy Z^^ = —Z^-^. In particular for A/" = 2 there is only one complex 
central charge, Z = Z^"^, while for A/' = 4 there are six complex central 
charges satisfying a (self) duality condition Z^^ = ^e"^^'-'^ Zcd, very much 
as the elementary scalar fields in the theory. By means of a R-symmetry 
transformation, the central charges can be skew diagonalised and shown to 
satisfy 

M> \Zi\ > IZ2I > ••• > |Z,| > ••• >0, (613) 

where = P^P^ is one of the Casimirs of the representation one is consid- 
ering, for a proper ordering of the skew eigenvalues Zi, i = 1, [A/^/2]. For Af 
odd, one eigenvalue is necessarily zero by Binct's theorem. The relation (613) 
represents a generalisation of the Bogomol'nyi bound. 

Irreducible "massive" representations of the supersymmetry algebra are 
indeed constructed by going to the rest frame. This reduces the form of the 
algebra to that of a Clifford algebra and one can split the 4A/' supercharges into 
2Af creation operators and 2J\f annihilation operators by considering suitable 
linear combinations [164]. This means that, in general, a massive multiplet 
consists of 2'^^ states, 2^-^"^ bosonic and as many fermionic. However, if 
some of the central charges coincide with M the multiplet shortens, since 
some of the creation operators annihilate the ground state. 

In the case of A/" = 2, this happens when M = \Z\. The corresponding 
multiplet is said to be 1 /2 BPS since half the creation operators (4 out of 8) 
act trivially. As a result the supermultiplct contains only half as many states, 
i.e. 8 (4 bosons and 4 fermions) instead of 16 = 2*. 
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In the case of the Af = 4 superalgebra, one has two sub-cases M = \Z\\ = 
IZ2I (1/2 BPS) and M = \Z^\ ^ IZ2I (1/4 BPS). The corresponding multiplets 
are respectively 1/2 and 3/4 the length of ordinary Af = 4 multiplets. 

As discussed in Sect. 13, in the conformal phase the = 4 SYM theory has 
a larger group of symmetries, the Af = 4 superconformal group, PSU{2, 2|4), 
see Appendix I. 

In this situation the fundamental degrees of freedom of the theory are 

gauge-invariant composite operators which arc organised into multiplets form- 
ing unitary irreducible representations (UIR's) of PSU{2, 2|4). Each compos- 
ite operator in a multiplet can be labelled by the quantum numbers associated 
with the maximal bosonic sub-group of P5t/(2,2|4), 50(2,4) x 50(6), i.e. 
two spins, ji and j2, the scaling dimension. A, and three 50(6) Dynkin labels, 
[k,l,m]. 

A further generalisation of the concept of BPS multiplet arises in this con- 
text. The UIR's of PSU(2, 2|4) have been classified in [175]. For a review and 
applications to the AdS/CFT correspondence see [92,118]. Ordinary long rep- 
resentations contain a number of states proportional to 2^^, with the propor- 
tionality constant related to the dimension of the representation of the bosonic 
sub-group under which the lowest component transforms. Shorter representa- 
tions arise when specific relations occur among the 50(2, 4) x 50(6) quantum 
numbers of the lowest component of the multiplet. The correlation functions 
considered in Sect. 15 involve operators belonging to multiplets classified as 
1/2 BPS. These are characterised by the fact that their lowest component is 
a Lorentz scalar operator of dimension A = £, with £ > 2, transforming in the 
[0, i, 0] representation of the 50(6) R-symmetry group. Generic multiplets of 
this type have j^£'^{£'^ — 1) 2^ components. The cases £ = 2,3 arc special in that 
they are characterised by a further accidental shortening and are sometimes 
referred to as ultra-short. Many other shortening conditions can be identified. 
For instance 1/4 BPS multiplets arise when the lowest component is a Lorentz 
scalar, double trace operator with A = 2k + l transforming in the representa- 
tion [k, I, k] of 50(6). In the case of 1/2 and 1/4 BPS multiplets the range of 
spin is respectively 4 and 6 units, whereas long multiplets have a spin range 
of 8 units. 



I - The Af — 4 superconformal group 

In this Appendix we summarise some basic properties of the four-dimensional 
A/" = 4 superconformal group, PSU{2, 2|4). More details and references can be 
found in the reviews [91] . The maximal bosonic subgroup of PSU (2, 2|4) is the 
direct product of the four-dimensional conformal group. 50(2, 4) ~ SU{2, 2), 
and of the R-symmetry group of the A/" = 4 superalgebra, 50(6) ~ 5[/(4). 
The conformal group is the group of transformations which preserve the form 
of the metric up to a (position dependent) scale factor. In four-dimensional 
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Minkowski space, with metric r]^i, = diag(— , +, +, +), it is generated by trans- 
lations, Lorentz transformations, dilations and special conformal transforma- 
tions. We denote the corresponding generators respectively by P^, Lj^i/) D and 
Kj^, fj,,!/ = 0, 1, 2, 3. For the generators of the 5J7(4) R-symmetry we use T", 
a = 1,2,...,15. 

The action of infinitesimal conformal transformations on the coordinates, 
— > x'^{x) = Xfj, + 6xfj,{x), is the following 

Sx^{x) = Ufj, (translations) 

SXfi{x) = Af/xv (Lorentz transformations) 

6x^{x) = XXfj, (dilations) (614) 
"h^ (special conformal transformations) , 

where and are constant vectors, A e R"*" and the constant matrix A^j" 
satisfies -qP" Ap^" A^"" = 77'"^. 

The fermionic symmetries in PSU (2, 2|4) comprise sixteen Poincare super- 
symmetries, generated by the supercharges and Q^, with A= 1, 2, 3, 4 and 
a, d = 1,2, and sixteen special (or conformal) supersymmetries, generated by 
the supercharges 52 and S^. 

As explained in Appendix G the supcrconformal algebra also admits six 
complex scalar central charges as well as additional generalised central charges 
which carry Lorentz indices. 

Neglecting the central extensions the superconformal algebra reads 

[L^v, Pp] = -iiVupPu - VupPp) , [L^v, Kp] = -i{r]f,pK^ - 'q^pK^) , 
[Lpy, Lpa] = -ir]p,pL^„ + permutations , [P^, K^] = 2iL^„ - 2ir]p,„D , 
[D,Lp,]=0, [D,Pp]=^tP^, [D,K,,]=iK^, 

{Qt Q^} = {s%, 5^} = {Qt s^} = {Q% = , 

{Qt Qc.b} = 2a^^.Pp6^B , {Sa.A, Si} = 2< . P^<5^« , 

{Qt S0b} = Sa0{5^BD + T^b) + \5^BL^.ep^a^'^'' . (615) 

The R-symmetry group of automorphisms of the generic w^/'-extended super- 
symmetry algebra is U{N). The Af = i case under consideration is special 
in that the U{1) factor in the decomposition U{M) = SU{M) x U{1) of the 
R-symmetry becomes an outer automorphism: none of the other generators 
in the algebra is charged under this U{1) symmetry [175, 176] and all the 
fields and composite operators in J\f — 4 SYM are neutral under this central 
U{1). The absence of the abelian factor in the R-symmetry is refiected in the 
notation P5C/(2,2|4) as opposed to 811(2, 2\A). 

As has been discussed in Sect. 13, the observables in the M — 4 SYM 
theory are correlation functions of local gauge-invariant composite opera- 
tors. Such operators are labelled by the quantum numbers characterising their 
transformation under the bosonic subgroup 5*0(2,4) x 50(6). A class of op- 
erators playing a special role in a conformal field theory such as Af = 4 SYM 
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are the conformal primary operators. These are defined by the condition of 
being annihilated by special conformal transformations acting at the origin, 

[K^,0{x)]l^^ = Q. (616) 

The existence of such operators is associated with the presence of a lower 
bound on the dimension of fields and operators in a unitary conformal field 
theory. Since the action of lowers the dimension of an operator, the ex- 
istence of the unitarity bound implies that in every representation of the 
conformal group there must be an operator satisfying (616). The action of the 
generators of the conformal group on primary operators is as follows, 

[L^,,0{x)] = [i{x^d^ - x^d^) + M^,]0{x) 

[D, 0{x)] = -i{A - x^'di,)0{x) (617) 
[K^, 0{x)] = [i{x^di, - 2x^x''d, + 2x^A) - 2x''M^^]0{x) . 

The functional form of two- and three-point func;tions of primary operators is 
fixed by conformal invariance. In the case of Lorentz scalars, for instance, the 
two-point function vanishes unless the two operators have the same scaling 
dimension, in which case it takes the form 

{Odx^)0^{x,)) = y^, (618) 

\Xl2 I 

where Xi2 = Xi — X2, Cij are constants and A is the common dimension of Oi 
and Oj. For three-point functions conformal invariance implies 

mx.)0,{x2Wx,))= ^^^^^^^^^^_^^^^^^^^^^ (619) 

where Cijk are numerical coefficients. The form of foiir- and higher-point 
functions is not completely determined by the conformal symmetry. Four- 
point functions, for instance, are determined up a function of two confor- 
mally invariant cross-ratios constructed from the four insertion points, e.g. 
r — ^i2'^34/'^i3'^24 ^^-'^d s = ^14^23/^13*^24' The scalin g dimensions and the 
coefficients, Cij and Cijk, in (618) and (619) are in general functions of the 
Yang-Mills coupling constant, g, and the i?-angle. 

Local composite operators in AA = 4 SYM are organised in multiplets of 
the superconformal group. The bottom component of any such multiplet, i.e. 
the operator of lowest dimension, is referred to as a superconformal primary 
operator. Superconformal primary operators are annihilated by the special 
supersymmetry generators acting at the origin, 

{S^,O{x)]\^^^ = 0, (620) 

where the symbol {5, O] indicates a commutator if O is bosonic and an anti- 
commutator if O is fermionic. Notice that superconformal primary operators 
are always also conformal primaries, but the opposite is not true. 
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As discussed in Appendix G there are special UIR's of the superconformal 
group corresponding to short BPS muhiplcts. Operators in such muhiplets 
are protected and their two- and three-point functions do not receive quan- 
tum corrections. This implies that their scaling dimensions and three-point 
couplings are not renormalised. 

J - Compendium of differential geometry 

An n dimensional topological manifold is a set of points such that the neigh- 
borhood of a point P (any open set containing the point P) looks like R" . In 
order to describe a manifold one needs an atlas made of many patches that 
are related to one another by transition functions. If the transition functions 
are continuous, then the manifold is continuous. If the transition functions arc 
differentiable, then the manifold is differentiable. If the transition functions 
are complex analytic, then the manifold is complex. 

One can add further structures. On a differentiable manifold one can de- 
fine a metric which is a symmetric bilinear form on the vector fields such 
that g{U, V) = g{V, U) = gijWV^ in a local coordinate patch. Parallel trans- 
port is achieved by means of a connection F^-j, that can be fixed to be the 
Christoffel connection imposing that the metric be covariantly constant, i.e. 
= DiQjk = diQjk — rlf.gji — r^jiQik- One can then construct the Riemann 
curvature tensor R^^i and its contractions, the Ricci curvature tensor Ru and 
the scalar curvature R. After parallel transport a vector gets transformed 
by means of a SO{n) rotation. Transformations along closed paths form the 
holonomy group of the manifold, which is necessarily a subgroup of SO{n). 

On differentiable manifolds one can define p-forms with p < n. A 0-form is 
a function, a 1-form is combination of the differentials of the local coordinates 
A = Ai{x)dx''. In a local coordinate patch 



where the (anti-)symmetric wedge product satisfies Ap A Bq = {—y^Bq A Ap. 
On forms one can define an exterior differential dAp = Bp+i, that satisfies the 
(graded) Leibniz rule. On a Riemannian manifold, one can also define a Hodge 
star operator ^Ap — An-p- Combining d and * one can define a differential 
operator 5 such that 5Ap = *d* Ap — Cp_i, that generalises the divergence. 
The Lie derivative of a p-form along a vector field V is defined by 



where ty denotes contraction with V. In a local coordinate patch one has 




(621) 



CyAp = Lyd-Ap + d{LvA) , 



(622) 



p 




(623) 
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Both d and S are nilpotent, i.e. d^ = and S'^ = 0. The generaUsed Laplacian 
is given by AAp = {dS + Sd)Ap. It coincides with the standard Laplacian 
A = \ \g\\~^^'^di{\\g\\^^'^ g^^ dj) on O-forms (scalars). A form is closed if dA = 
and exact if A = dC. A form is co-closed if 5 A = and co-exact if A = SC. A 
form which is closed and co-closed is harmonic, i.e. AA = 0. The equivalence 
classes of closed forms that differ by exact forms £p define the cohomology 
groups = CP/£P. De Rham has shown that one can always find a harmonic 
representative in each cohomology class 

A symplectic manifold is an even dimensional manifold that admits a 
closed 2-form, known as symplectic form, e.g. for the phase space of a point 
in R" one has ^ = J2i ^Pi ^ da;'. 

On complex manifolds one can decompose d as d = 9 -|- 9, where both d 
and 8 are nilpotent. By a complex coordinate change one can always put the 
metric in Hermitean form ds^ = gijdz^dP at least locally. 

The Kiihlcr form on a complex Riemannian manifold is = .g^jdz* A dz-' . 
If CO is closed, dui = 0, which implies dto = Q = Bui, the manifold is Kahler. 
Locally ui = ddK, where K{z, z) is the Kahler potential. If the manifold has 
real dimension 4n and admits three closed Kahler forms, dco^ = 0, / = 1, 2, 3, 
whose components satisfy the algebra of quaternions the manifold is said to 
be hyper-Kahler. If the three Kahler forms are not closed but rather dui^ = 
Cn^^'^^^.j A luk, the manifold is said to be quaternionic. 

An isometry of the metric is a coordinate transformation that leaves the 
metric invariant and is thus generated by a vector field V that satisfies 

= Cvg^J = V'dug,, - grkdjV'' - g^kd^V'' = -\/,Vj - VjVi , (624) 

where indices are raised and lowered with the metric. 

A holomorphic isometry is such that Cyco = 0. Thanks to the closure of w, 
V admits a prcpotcntial because d(iyci;) = implies tycj = d/i\/ locally. The 
prepotential is known also as the holomorphic Kahler map. A tri-holomorphic 
isometry is such that £ya;^ = 0. Thanks to the closure of w^, V admits 
three prcpotcntials because d(/,ycj^) = implies tycj^ = d/iy locally. The 
prepotentials are known also as the tri-holomorphic Kahler maps. 
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